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VARIATIONS OF VOLUME

Ivo Terek

1 Setup

Let (M, g) be a Riemannian manifold, and ¢: £ < M be an embedded subman-
ifold. We will often write (-, -) instead of g and identify ((X) with ¥, as it is usual
practice. We write V and V* for the Levi-Civita connections of (M, g) and (Z,:*g).
We have

@) VxY =VEY+1I(X,Y),  (b) VME=—A:(X)+ VxE, (1.1)

forall X,Y € T(TZ) and & € T(TZ"), where II denotes the second fundamental form
of Xin (M, g), Ag is the shape operator associated with ¢, and V- is the normal con-
nection of X. Shape operators are related to the second fundamental form via the

relations
(I(X,Y),¢) = (Ag(X), Y). (1.2)

The mean curvature vector Hy, € T(TZ") is the g-trace of II, and may be computed as

Hy = ¢l (9;,0;) = ) _I(E; E;), (1.3)
i=1

where k = dimX and (x!,..., xk) are local coordinates on X, or (Eq, ..., E;) is a local
orthonormal frame tangent to >. When not working with orthonormal frames, we use
Einstein’s summation convention'.

With the aid of a metric, one may compute the divergence of vector fields and
tensor fields, in general. In our setup, we have a divergence operator div, associated
with (M, g), and div,«; associated with (%, 1*g). The latter has an obvious extension to
vector fields that are tangent to M along X (as opposed to acting just on vector fields

that are tangent to X).
Definition 1. The tangential divergence divy: I'(TM|y) — C®(X) is defined by
.. k
divsy (X) = treg((Y, Z) = (VyX,Z)) =7 (Vy,X,0;) = Y (VEX, E), (1.4)
i=1

where (x!,.. .,xk) are local coordinates on %, or (E,..., Ey) is a local orthonormal
frame tangent to X.

!Whose true power consists in keeping a consistent index balance, not in omitting summation signs.
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For any vector field X tangent to M along ¥, we write X = X' + X" according
to the direct sum decomposition TM|y = TL. @ TE+. Here is what we need to know
about this tangential divergence operator:

Proposition 2 (Main properties of divy,).

(a) dive(fX) = X" (f) + fdive(X), forall X € T(TM|z) and f € C®(Z).
(b) divy(X) = divy(X), forall X € T(TX).

(c) divg(X) = dive(X") — (Hg, X), forall X € T(TM|s).

Remark. In particular, the Laplacian Ay f of a smooth function f: X — R (defined as
div,+¢(V*f)), may be computed as divy (V>f).

Proof: Noting that X' = ¢(X,9;)d; whenever (x,...,x*) is a local coordinate sys-
tem for X, we directly compute

divy (fX) = §7(V5,(fX),9)) = g7((0:f)X + fVa,X,0;)
= ¢7(X,0)0:f + f§7(V,X,0;) = X' (f) + f divg(X).

This proves (a). For (b), use (1.1-a): note that (V3 X,9;) = <V§;X, dj) and apply g
Finally, as divy, is additive, it suffices to again use (1.1-a) to obtain

(1.5)

dive (X*) = g7(V5,(X1),0)) = —8(X", V5,9))
= —g'(X*,11(9;,9))) = —(X*, Hy) (1.6)
—(X,Hx),
as required. O

In a similar manner to what was done for divy, we may also consider a “partial”
Ricci tensor, acting on vector fields tangent to M along X. Our sign convention for the
Riemann curvature tensor is R(X,Y) = [Vx, Vy| = V(x y].

Definition 3. The tangential Ricci tensor Ricy. : T'(TM|z) x T(TM|g) — C®(X) is
defined by

k
Ricy (Y,Z) = trpgR(-,Y,Z,-) = g¢'R (3;,Y,Z,0;) = Y_R(E;, Y, Z, E;) (1.7)
i=1

for all vector fields Y and Z tangent to M along ¥, where (x!, ..., x*) are local coordi-
nateson X, or (Ey,..., Ey) is a local orthonormal frame tangent to 2.

Remark. When Y and Z above happen to be tangent to X, Ricy. (Y, Z) still does not
agree with the Ricci tensor of X itself evaluated at Y and Z. This is only guaranteed to
happen when X is totally geodesic in (M, g), that is, when II = 0. In addition, when
¥ is a 2-sided hypersurface’ in M and v is a unit normal field along ¥, we have the
relation Ricy. (Y, Z) = Ric(Y,Z) — R(v,Y, Z,v), and hence Rics. (v, -) = Ric(v, -).
22-sided means that the normal bundle of ¥ in M is trivial, that is, that there is a globally defined

unit normal field along >. When there is no metric present, one may define the notion of being 2-sided
by using the quotient line bundle TM|yx./ TZ. instead.
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2 Variation formulas and examples

Let (M, g) be a Riemannian manifold, and . be an embedded submanifold, possi-
bly with boundary. The volume of X is defined by

vol(Z) = /E 1dps, 2.1)

where dyy stands for the volume form® of the induced metric on £. When dim X
equals 1 or 2, “volume” means arclength or area, respectively. To understand variations
of this volume functional, we will need to consider variations of submanifolds:

Definition 4. A variation of X in M is a smooth map F: X x (—¢,&) — M such that
F(x,0) = x for every x € X. Then:

(a) F is compactly supported if there is a compact subset K C ¥. such that F(x, t) = x
forall (x,t) € (XN K) x (—¢¢).

(b) Fis boundary-fixing if F(x,t) = x for all (x,t) € 0% X (—¢,¢).

(c) For each fixed t € (—¢,¢), the t-stage of the variation is X; = F(%,t) (in other
words, ¥ is defined as the image of X under the partial map F; = F(-,t): ¥ — M.
In particular, g = X.

(d) The variational vector field V of F is defined as V = Vj, where in general we
define V;, for t € (—¢,¢), by

d
Vix) = 3 F(x 1) € TrenM, (2.2)

for every x € 2.
(e) Fis a normal variation of ¥ if V;(x) € [TF(M)Zt]L forall (x,t) € £ X (—¢,¢).
When F is not explicitly needed, one calls {¥t},c(_, ) a variation of ¥ instead.

Remark. When F is either boundary-fixing, or compactly supported with ¥ noncom-
pact, we necessarily have V|yz = 0.

Given any variation F: X X (—¢,e) — M of X has been fixed, local coordinates
(21, .. .,xk) on an open subset U C X induce, for each t € (—¢,¢), local coordinates
(x!,...,xF) on the open subset U; = F(U, t) of ¥ via the composition x! = x' o (F;) L.
Namely, as F(-,0) = Idy is a diffeomorphism, so is F; = F(-,t): £ — X; for f small

enough, so that (F;) ~! makes sense. Such coordinates satisfy the relations
d

0
dF, — = —
() (axZ x) ox!

for all (x,t) € ¥ X (—¢¢). In particular, the Lie bracket [V}, d/9xi] makes sense and
vanishes due to naturality of the Lie bracket, as d/dx' and d/dt commute as vector

9
ot

and dF(x,t) (

) “Vi), 3
t

F(x,t)

3We assume that X is orientable, for simplicity. If not, treat duy. as a density instead.
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fields on X x (—¢,¢). When doing coordinate computations, we will always assume
that the coordinates on each stage X; are related to coordinates on X via the above
construction. For economy of notation, we will also write* 9, ; for 9/9x!.

Each X; has its own volume form duy,, so we may write (F)*(dus,) = v(t) dus,
for a suitable smooth function v(f): £ — R, with v(0) = 1. Smoothness of F also
ensures smoothness of v(t)(x) in the variable t. Noting that

(s :/d :/ d :/F*d :/ £) duss., 24
vol(Zy) y, dp . M, Z( 1) dus, ZU()ME (2.4)

we are justified in calling v the volumetric density of the variation F.

Proposition 5. For any variation {Xt}c () of X, the first and second derivatives of the
volumetric density v are given by:

@ S(6) = dive, (V) o(1)

and, assuming that the variation is normal,

d?v
(b) FTol

Proof: The first step is to describe v(t) in coordinates. By evaluating both sides of
(F)*dps, = v(t) dus at the coordinate vector fields (91, . .., dx) and using (2.3), we see

that \/detg(t) = v(t)/detg(0), where g(t) = [gij(t)]i."jzl is the matrix of components
gij(t) = (i, 9j). Differentiating and applying Jacobi’s formula®, we have

@(t) _ d y/detg(t)
de v/ dt ,/detg(0)

b LGete() 29 detg(1)

/det g(0) 2 dt (2.5)
1 1 d
= (detg(t)) /2 detg(t tr( H1sE t)
=2 et ®) gt () 1S3 (1)
_! 148
=t (g(t) 5 (t)) o(t).
However, we may compute this trace as
_1dg iod
(50155 0) =870 @200
= g7(t) (Vv,0i1,0j¢) + 87 (t) (9it, Vv, 0jt)
=287 (Vi1 9j1) 20
= zgij <vai,t‘/t’aj/t>
= ZdiVZt(Vt),

(1) = (IV-ViIP — Rick, (Vi Vo) — [ Ay~ (H,, Vi) + (B, Vi) (1)

“We do not use the convention of writing derivatives as subscripts with commas or semi-colons.

5Namely, d(det)4(H) = det Atr(A~'H) for all A € GL(k) and H € R¥**. Any Lie group homo-
morphism ¢: Gy — Gy has g o Lg = L) 0 @ forall ¢ € Gy, and so dgg = d(Ly(g))e 0 dgpe 0 (d(Lg)e) !
by the chain rule. Applying this principle to the Lie group homomorphism det: GL(k) — R~ {0}
together with the easily verified identity d(det);q = tr yields the Jacobi formula.
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and (a) follows. Differentiating (a) and reusing it leads to

ZU
S0 = (G vs (V) + ive, (V) o(0), @7

and so it remains to compute the t-derivative of divy, (V;). From here on we assume
that, for each ¢, V; is normal to X;. Starting from

d d .. . d
dt leZt(‘/t) (agl](t)) <vai,t‘/t/aj,t> +g1](t)a <va,~,tvha]’,t> 7 (28)
we will compute each term in the right side separately. As

d d
a Ske(t) = I — Okt 90 t)

= (V0 904) + (O, Vv,0pt)

2.
= <vak/t‘/tl a£,t> + <ak,l’l Vath> ( 9)
— (Av,(0k4t),90) — Ok, Av,(9p4))
= —2(Av,(9kt),90)
it follows that
d .. . d .
(5€0) (Vahdis) = 540 (§800)) 8700 (%3, %.9,1)
= 2g"(t) (A, (3ie), 30r) 81(H) (Va,, Vi ajt> (2.10)
= _zgik(t)g (t) (Av,(0kt), ) (A, (9ir) ]t>
= 2| Ay >,
In addition, observe that
d
dt <V"’ Vin9; > - <VVfVaiftVf'afff> * <Vaf/fvf'vvtaf'f> (2.11)
= R(‘/f, ai’t, ‘/t, a]"t) + <Vai,tVVtVt, a]',t> + <v8i,t‘/t’ va],t‘/t> s
and thus

.. d . .
&5 ( Vo, Virdjs ) = —Rick (Vi, Vi) +dlivs, (Vi Vi) + | AP + | VA2 2:12)

Here, we have used self-adjointness of Ay, to conclude that || A7, || = [|Ay,||%, as well

as the Pythagorean relation |V V;||? = ||Ay,|> + ||V V4||?. Finally, as (Ay,(-), Vi) = 0
implies that® (Vv,\V4, Z) = 0 whenever Z; € T'(TZL;), we have that

divs, (Vy, V) = g(t) <va«thth/ajt>

= g1 (VuVedis) — 70 (VWi Va,0) (o1,
= O — g <th ‘/t/ II(ai,fl a],t)>
—_ <VVt‘/t/ H2t> .

Putting (2.10), (2.12), (2.13), and Proposition 2 together, (b) follows from (2.7). [
6Namely: <VVtVt,a,'/t> = —<Vt,thailt> = —<Vt, Vai/tVt> = <Vt, Avt(al',t)> =0.
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Corollary 6. For any compactly-supported variation {£t}c(_q ) of Z, we have:

d .
(a) avol(Zt) = /Zt divs, (V4) dus,,

and, assuming that the variation is normal,

2

d
§Evol(E) = [ VAP~ Rie], (Vi Vi) — Ay 1> — {Hz, Yy Vi) + (Hx, Vi) de,

O

Proof: As the variation has compact support, we may differentiate (2.4) under the
integral sign and apply Proposition 5. The original definition of v(t) allows us to
rewrite the resulting quantities as integrals over X; (as opposed to integrals over X).

[l
Definition 7. An embedded submanifold X. of (M, g) is called minimal if
d vol(%Z) =0 (2.14)
dt|,_, T '

for every compactly supported and boundary-fixing variations {X¢};c(_) of Z.

Example 8. No closed submanifold of Euclidean space IR" is minimal. More precisely,
if 2. C IR" is k-dimensional and closed, consider the compactly supported variation
{(1+#)Z}1c(—¢e) and note that

oo = | 14 Hkvol() = kvol(R) > 0, (2.15)
dt,_g dt,_g

as a consequence of the general relation vol(AX) = Afvol(X), valid for A € (0,0).

Example 9. A k-dimensional submanifold ¥ of Euclidean space IR” is minimal if and
only if all coordinate projections x”|z,: £ — R are harmonic functions. Abbreviating
x"|x simply to x”, assume that X is minimal, and let 7 € CZ(X) be arbitrary. Writing
(e1,...,ey) for the canonical basis of R"t! and regarding all such vectors as constant
fields on R", we have that

divs(rer) = 87(Va,(er),9j) = g7{(9in)er, 9;)
= g"{er,9;)0m = ¢/ (1) (2.16)
= (e, , V¥n) = (V2 V),
where VZf € T'(TZ) denotes the gradient field of any smooth function f € C®(Z),
and we use that the gradient V>x" is obtained by projecting onto TX. the full gradient
Vx" = e,. In addition, Proposition 2 together of the definition of Laplacian Ay gives

us that divy (yVEX") = (VE, VEX') + 7 Asx". Applying the first variation formula
for both fields e, and V=x" gives us that

/Z<szr, VEn)dug =0 and /Z<V217, VEX") + nAgx” duy =0, (2.17)
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leading to
/ A dus = 0. (2.18)
b

Arbitrariety of # now implies that Asx” = 0, as required. Conversely, assume that
V € I'(TM]|x) is compactly supported with V|jx = 0, and writtenas V = Y/'_; V'e,.
Then V" € CX(X) forallr =1,...,n, and thus (2.16) for 5 = V" yields

n
/diVZ(V) d]lz = / diVZ <Z Vr€r> d]/lz
z b2 r=1

n
-y /Z divs(V'e,) s
r=1 (2.19)

n
-y /Z (VEVT, VEX) dyuy
=1
' n
= — Z /Z V’AZxr d]/lz = 0,
r=1

as required. As one consequence of this equivalence, it now follows that if > is min-
imal, then it is contained in the convex hull of its boundary, which is defined as the
intersection

Conv(9%) = (|{H | H is a half-space in R" with 9% C H}. (2.20)

Indeed, let H be a half-space of R", written as H = {x € R" | ¢(x) < b} for suitable
¢ € (R")* and b € R. Since all the coordinate functions are harmonic on %, so is the
restriction ¢|x. By the maximum principle for harmonic functions, there is xg € dX for
which @5 (xp) is maximum. Now, it follows that if 9. C H, then £ C H as well: let
x € ¥, and estimate ¢(x) < ¢(x9) < b, so that x € H. This proves that £ C Conv(dX).

Example 10. We may generalize the first part of Example 9, considering now subman-
ifolds of the sphere 5" and of hyperbolic space H". To treat them simultaneously, fix a
parameter ¢ € {1, —1} and consider in R"*! the scalar product

(v,w) = v'w! + ...+ 0"w" + cvo" T, (2.21)

forallv = (0),..., 0" and w = (w!,...,w""!) in R**!. When ¢ = 1 we have
classical Euclidean space, and when ¢ = —1 we have Minkowski space. This means
that the space form

M"(c) = {p € R""! [ {p, p)c = c} (222)

is the sphere for ¢ = 1, and hyperbolic space for c = —1. We claim that a submanifold
¥ € M"(c) is minimal if and only if all coordinate functions x": ¥ — R satisfy the
eigenvalue equation Axx” + ckx” = 0, where k = dim X.

All formulas seen so far remain valid when the ambient manifold (M, g) is pseudo-
Riemannian and with indefinite metric signature, provided that squared norms are
suitably interpreted (e.g., || A]|> = (A, A), which may now vanish even when A # 0).

The difficulty now is that the canonical basis (e, . .., e,;1) of R"*1 is not in general
tangent to M" (c). Denoting by P the position vector field of M"(c) in R"*! (i.e., given
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by P(x) = x € T,(R"*1), for every x € M"(c)), we consider the orthogonal projec-
tions é,(x) = e, — c{ey, P)P, that is, é,(x) = e, — cx"P. The Levi-Civita connection V of
M"(c) is given by VxY = dY(X) — c(dY(X), P) P, and thus
Vxej = dej(X) — c{dej(X), P)P
= —cdx"(X)P —cx"X — ¢{(—cdx"(X)P — cx" X, P)P

2.23
= —cdx"(X)P —cx'X +cdx"(X)P+0 223)
= —cx'X.
Repeating (2.16) with ¢, instead of e, and (2.23) instead of Vxe; = 0 leads to
divs(ne,) = (V=x", V=) — cknx’, (2.24)

for all 7 € CP(X). This means that, if ¥ is minimal, (2.17) now reads
/ (VEx", V=) — cknx"dps =0 and / (VER, VEX) + nAsx"dus =0, (2.25)
2 2
so that
/ n(Agx" +ckx")dps =0, (2.26)
2

and thus Axx” + ckx” = 0 by arbitrariety of . Conversely, if Axx” + ckx” = 0 holds
forr=1,...,n+ 1, then £ must be minimal: (2.19) boils down to

n+1
/ dive(V)dus = — Y / VI (Asx” + ckx’) dps, = 0, (2.27)
2 = /=
for every compactly supported V € I'(TM]yx.).

Remark. The above example is easily modified to provide the obvious analogous
conclusions for other indefinite signature space forms, such as the de Sitter space
St = {p e R"™ | (p,p)_1 = 1}, etc. (here, it becomes Ayx" + kx" = 0, just as in
the sphere 5").

Due to the general relation

/ZdiVZVd,MZ = — /Z<Hz, V> d]/lz + /{92<V’ N> d‘l/laz, (2.28)

valid as a consequence of the divergence theorem (with N being the unit outward
conormal to 0X along ), we see that:

(i) ¥ is minimal if and only if’ Hy, = 0.
(ii) purely tangential compactly supported variations produce no variation.

With item (i) in mind, the next example should not be surprising;:

’Considering only boundary-fixing variations allows us to ignore the boundary term in (2.28), while
the L? inner product between compactly supported vector fields tangent to M along ¥ is nondegenerate.
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Example 11. Consider again the space forms M"(c) from Example 10, and also set
M"(0) = R" so we can discuss all three of R", §”, and H" together. Letting X be
a submanifold of M"(c) and writing P for the position vector field of X, we claim
that Ay P + ckP = Hy (this is usually written just as Ayx + ckx = Hy), where the
Laplacian Ay P is defined componentwise.

To see this, we will repeatedly use the following general fact: whenever (M, g) is
a pseudo-Riemannian manifold and N is a nondegenerate submanifold of M, the for-
mula (Hessy f)(X,Y) = (Hessy(f|n))(X,Y) —df(II(X,Y)) holds for X,Y € T(TN),
with I denoting the second fundamental form of N in M.

The second fundamental form of IM"(c) in R"*! (set to zero when ¢ = 0) is given
by (X,Y) — ¢(dY(X), P)P = —c(X,Y)P (as seen by differentiating (Y, P) = 0 in the
direction of X), so that (Hesspp()x")(X,Y) = dx'(—c(X,Y)P) = —cx’(X,Y), and
thus

(Hesssx") = —cx’ (X, Y) +dx" (II(X, Y)) (2.29)

for all X,Y € T'(TZX), with II denoting the second fundamental form of % in IM"(c).
Hence

Asx" = g'l(Hessyx")(9;, 9)
= g'(—cx'gij + dx’ (11(9;, 9))) (2.30)
= —ckx" +dx"(Hy),
leading to Asyx" + ckx” = dx"(Hy), as required.

Item (ii) is the reason we have focused on normal variations in the previous re-
sult. Observe that evaluating item (b) of Corollary 6 at t = 0 yields that the second
derivative of vol(%;) at t = 0 equals

/ZHVLVHZ—Ricg(V,V) — lAv]? = (Hs, Yy Vil_o) + (He, V)2 dps. (231)

However, the term Vy,V;| ;o depends not only on the vector field V, but also on the
variation F itself. In general, the value (VxY), depends on X, and on the values of
Y along a small piece of the integral curve of X passing through p, and this means
that V/V is not even well-defined in our setting. More precisely, evaluating Vy, V; at
t = 0 does define a vector field tangent to M along X, but also eliminates transverse
information that V by itself cannot recover.

This issue dissapears in the case where X is minimal, as (2.31) gets simplified to

d2

" vol(zt):/ZHVLVHZ—RK{(V,V)—HAVHZdyZ. (2.32)

t=0

The right side of (2.32) depends only on V and not on the variation itself. For this
reason, it is usually denoted by I (V,V), and Iy, is called the index form of X. This
motivates the following definition:

Definition 12. A minimal submanifold X of (M, g) is stable if

d2

— 1| vol(Xf) >0 (2.33)
de?|,_

0
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for every boundary-fixing normal variation {Xt}c(_ ) of  or, equivalently, if
LIV IPdus > [ Rick (v, V) + | Av]2dps (234

for every V € I'(TZ) with Vg = 0.

3 The hypersurface case and the Gauss formula

Let (M, g) be a Riemannian manifold, and assume this time that ;: ¥ — M is
an embedded 2-sided hypersurface in M, with a fixed choice of a unit normal field
v € T(TZ1). Writing A for the shape operator associated with v, we have the Gauss
formula®

R*(X,Y,Z,W) = R(X,Y,Z, W) + (AY, Z)(AX, W) — (AX, Z)(AY,W),  (3.1)

valid for all X,Y,Z,W € T(TZ). Writing the mean curvature vector as” H = Hv and
(1*g)-tracing in the variables X and W yields

Ric*(Y, Z) = Ricy. (Y, Z) + H(AY, Z) — (AY, AZ) (3.2)
which, rewritten without Ric., reads
Ric*(Y, Z) = Ric(Y, Z) — Ric(v,v) + H(AY, Z) — (AY, AZ). (3.3)
Taking the (1*g)-trace yet again, we obtain
s= =sM —2Ric(v,v) + H> — ||A|]%, (3.4)

where s™ and s* are the scalar curvatures of (M, g) and (Z,:*g), respectively. Here,
| A%|| = || A||? by self-adjointess of A. Note also that || A||> = ||II||? vanishes if and only
if . is totally geodesic in (M, g). A convenient rearrangement of (3.4) is

1
Ric(v,v) = §(SM — s>+ H>—||A|%). (3.5)

Now, every V € T'(TZ!) may be written as V = 5v for some 1 € C®(X), with
V0px = 0if and only if |35z = 0, and V compactly supported if and only if # is. As
V1v = 0 (since differentiating (v,v) = 1 in the direction of X leads to (Vxv,v) =0
and thus Vxv = 0), we have that |[VLV|? = [VE(p)|? = ||dg @ v|?* = |[VEq|>
Also note that Ay = Ay, = 17 A. Putting all of this together, we have that

ts(r,m) = IV = (Rie(v,v) + | AIP)r dps. 6)

8Conveniently expressed in general codimension as R* = R +II () II, where () is the Kulkarni-
Nomizu product between TM-valued twice-covariant symmetric tensor fields: it is defined by
2(TPS)X,Y,Z,W)=(T(Y,2),S(X,W)) —(T(X,Z2),S(X,W)) + (S(Y, Z2), T(X,W)) — (5(X, Z), T (X, W)).

“Here, H is the mean curvature scalar associated with v. Replacing v with —v causes H to be
replaced with —H (as the vector H must remain invariant).
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Integrating by parts and using that V|35, = 0, we also obtain

Is(r,m) = [ =05 = Ric(r,v) + | A2 dus

(3.7)
= — Lyndys,
/Z el dpz
where the stability operator of ¥ acting on functions is given by
Lyy = Opn + (Rie(v,v) + [|A]%)y. (3.8)

Observe that Ly is elliptic (its principal symbol equals the one of Ay) and self-adjoint.
It is a well-known fact that the first Dirichlet eigenvalue!’ A (Ly) is non-negative, and
expressed via a Rayleigh quotient:

Mi(Lz) :n;;n{— [ontsndus | | Wzdﬂzzl} > 0. (3.9)

Proposition 13. If (M, g) has Ric > 0, then M does not contain any closed stable minimal
2-sided hypersurfaces.

Proof: If ¥ were such a hypersurface, one could set 7 = 1 in the stability condition

LIVl dps > [ (Ric(v,v) + A2 dus (3.10)
to obtain
0> / Ric(v,v) + | A2 dps. > / Ric(v, v) dpx. > 0, (3.11)
b z
a contradiction. O

A small modification of the above argument gives:

Proposition 14. If (M, g) has Ric > 0, then any closed stable minimal 2-sided hypersurface
Y. of M is totally geodesic. In addition, Ric(v,v) = 0 (for any unit normal field v along ¥.)
and sM|y = s¥. When dim M = 3, the surface ¥. (when connected) must be homeomorphic to
a sphere or isometric to a flat torus.

Proof: Choosing 17 = 1, we see that the strict inequality in (3.11) now becomes weak
and leads to

/ Ric(v,v) + | A|| dpz. = 0. (3.12)
z

As each term in the above integrand is non-negative, continuity leads to Ric(v,v) = 0
and also to ||A||?> = 0 (and hence A = 0). The relation between scalar curvatures now
follows from (3.4). When dim M = 3, we may apply the Gauss-Bonnet theorem to %,
using the relation s* = 2K*, with K* being the Gaussian curvature of . Namely, as
s > 0, we have that

X(Z) = %/ZK2 djg >0 — x(Z) = Oor x(X) =1, (3.13)

19By a Dirichlet eigenvalue of an operator L we mean a real number A such that there is a non-zero
function f with flyx =0and Lf + Af = 0.
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and the dichotomy follows from the classification of closed surfaces. In the case where
% is a torus, x(X) = 0 implies that [y s> dpy = 0, so that s* > 0 implies that s> = 0 by
continuity.

O

The assumption that Ric > 0 in the previous result may be somewhat weakened
when dim M = 3.

Proposition 15. If (M, g) has sM > 0 and dim M = 3, then any stable minimal torus ¥. is
totally geodesic and flat, with Ric(v, v) = 0 for any chosen unit normal field v along X.

Proof: In general, substituting (3.5) into (3.10) gives us a rephrased stability condition
1
LIVEnIPdps = 5 [ M=o H2 4 A2 dps. (314
z b

We know that [y s> duy, = 0 by the Gauss-Bonnet theorem, as X is a torus. If ¥ is also
minimal and stable, then setting #7 = 1 in the above yields

0> %/ sM+ A2 dps > 0, (3.15)
z

as sM > 0. Therefore s™ = 0 along ¥ and ||A||> = 0, so X is totally geodesic. We
may now integrate (3.5) to obtain [; Ric(v,v)duy = 0. This means that the con-
stant function vol(X2)~!/2 is an eigenfunction for Ly and that A{(Lyg) = 0 is the first
eigenvalue, in view of (3.9). More precisely, we know that the minimum of the inte-
grals — [. 7Lyy duy is nonnegative, but that the value zero was indeed realized by
the constant function vol(X)~1/2, so such minimum in fact equals zero. This means
that Ric(v,v) = Lg(1) = 0 (this spectral argument is crucial in passing from “average
zero” to “pointwise zero”). In any case, (3.5) now implies that s* = 0 as well. [

For our next result, we’ll describe (still in the hypersurface case) how the mean
curvature of the stages of a variation evolves. First, note that

H = Hv — H = —divyy, (3.16)
by a direct computation:
divev = ¢/(Vav,9;) = —g"(v, V,,0;) = —¢" (v, 11(9;,9;)) = —(v,H) = —H. (3.17)
Thus:

Proposition 16. Let {3t} c () be a normal variation of ¥, and write the variational vector
fields as Vi = nyvy, where vy is an unit normal field along ¥y and 1y is a suitable smooth
function. Denoting by Ay and H; the shape operator and mean curvature scalar of X4 associated
with vy, respectively, we have

d .
TeggHe = — V=01 + (Ric(vr, ve) + [|Ae]|*)f (3.18)
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Proof: From (2.10), (2.12), (2.13), we have

d .. .
S divs, (Vi) = —[[ Ay |2 = Ricl, (V, Vi) — (Vy Vi, Hy) + [ VW2 (19)

Substituting V; = n;v; yields

d .. :
qp dive (7ve) = — [ AclPn7 = Ric(vi, vi)yf = Vi) He + [ Ve (3.20)

However, due to Proposition 2 and the product rule, the left side above reads

d .. d d
a leZt(ﬂﬂ/t) = $(—1’]tHf) = —Vt(I’]t)Ht - ﬂta Ht. (321)
Hence, (3.18) follows. O

Example 17. For 4 > 0 and a smooth function f: [4,00) — (0, 0), consider in the
product M = [a,00) x $"~! the Riemannian metric

dr? 5
= — ° 3.22
g ) +7rg (3.22)

where g° is the standard round metric in g1 QObserve thatif 6, . .., 6, is an orthonor-
mal coframe for the sphere (ie., g° = 6, ® 0 + - - - + 0, ® 0;), then the volume form
of S"~! equals dpgi-1 = 6y A -+ ABy. As f(r)~1/2dr,16,,...,78, is an orthonormal
coframe for (M, g), the same principle yields

dr rn—l
ins = iz D (02) A= A (10n) = sy A g (3.23)

For a fixed value of r € [4,00), we will compute the mean curvature scalar of the
slice X = {r} x "1 associated with the unit normal field v = f(r)!/29,. To do so,
consider the variation F: ¥ x (—¢,¢) — M given by F((r,x),t) = (r +tf(r)'/?,x), so
that V = v. To do so, we will use the (valid, as 0¥ = &) formula

d

dt

_vol(z) = - /2 (Hy, V) dyis (3.24)

which, due to symmetry reasons, reduces to

T vol(X;) = —Hvol(X). (3.25)

t=0

To explicitly compute vol(%;), observe that dus = t¢(y1/25 dpm = " ldug.1 as a
consequence of (3.23), so that replacing r with 7 + ¢ f (r)1/2 yields

12\ "~
dnuzt = (1’ + tf(r)l/z)n_ld.uS”’l - (1 + &) d“uz, (3-26)
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and thus, differentiating the newfound relation

n—1
vol(%;) = (1 + M) vol(X), (3.27)
we obtain 2
A1 ormy) = =Dy, (3.28)
dt|,_, r

Hence, H = —(n —1)f(r)'/2/r.

We can proceed further by observing that, for geometric reasons, X is totally um-
bilic in M. Hence all the eigenvalues of A are equal to H/(n —1) = —f(r)"/2/r,
meaning that ||A||> = (n — 1) f(r) /r?. Using that s* = (n — 1)(n — 2) /72, relation (3.4)
becomes

(- 125" =2 _ M aRic(v,v) + T Bzf 0 _ = _:Z)f 0, (3.29)

The strength of the approach here is that we may solve for Ric(v,v), and then sM

without resorting to further computations involving Christoffel symbols or moving frames.
As 179 = 1, the formula given in Proposition 16 reduces to

d . —1
T t:OHt = Ric(v,v) + % (3.30)

However, by replacing r with r + tf(r)!/2, we see that

P ek O G O

YTV , (3.31)
and thus
Al DI OF0) 24 (= D))
dt|,_, r2
_ —(n- 1>%2+ (n—1)f(r) (3.32)
_ (2D (rf'zm . M) |
Then (3.30) gives us that
Ric(v,v) = —(”%w, (3.33)

s0 (3.29) now reads, after factoring out (n — 1) /72,

=D =2) o D ) 4 (- D) - £(). (334)

r2 r2

We conclude that

M= D (21— £0) £, (339
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4 The geodesic case

Let (M, g) be a Riemannian manifold, and ¥ < M be an embedded curve, that is,
dim X = 1. We assume that X is parametrized by a unit speed regular curve y: I — X.
It follows from differentiating (7, ) = 1 that (V4¥,¥) = 0, and thus V3 = II(}, 7).
Thus, the mean curvature vector is given by Hy = V. Hence, X is minimal if and
only if 7y is a geodesic.

Now, let V be a vector field normal to a unit speed geodesic y: I — X, that is, with
(V,7) = 0. Differentiating and using that -y is a geodesic, we see that (V4V,¥) = 0, so
that V4V = V#V and Ay = 0. As Ricg (V,V) =R(¥,V,V,7), the stability condition
(2.34) reads

JIVaVIZ = R(3,V,V,5)ds > 0 @)
I

or, equivalently,
~ [V, 9495V = R(3,V)5) ds = 0. (42)
I

The stability operator Ly is given by Ly V = V; V4V — R(, V) and its kernel consists
of classical Jacobi fields (as predicted).
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