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Ivo Terek”

Fix a (connected) differentiable manifold Q. Here we use the letter Q instead of the
usual M because we regard our manifold as the configuration space of some mechan-
ical system — setup where most of the applications of what we’ll see here will occur.
If (g',...,q") denote local coordinates on Q, the induced local coordinates on the tan-
gent bundle TQ will be denoted by (ql, o qt, o, ..., v"), while the local coordinates
on the cotangent bundle T*Q will be denoted by (ql,. -,q", p1,---,pPn). Elements of
TQ will be denoted by (x,v), where x € Q and v € T,Q, while elements of T*Q will be
denoted by (x, p), where x € Q and p € T;Q. I will try to avoid it, but abuses of nota-
tion (although harmless) and mild simplifications might occur here and there'. I have
deliberately tried to avoid symplectic geometry language (which would appear natu-
rally here), to minimize pre-requisites for reading these notes. A short list of references
that I used to understand this material is provided in the end, and you're welcome to
contact me regarding corrections or mistakes here.

I'd also like to thank Caleb Dilsavor for the several discussions we had and for the
helpful comments while writing this.
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Mostly treating (x,v) and v as the same thing, and similarly for (x,p) and p, whenever x is clear
from context. I'll also almost always assume that our curves are “small”, in the sense that their image
is contained in a single coordinate chart (this is always true when Q is an open subset of R", which
is already a pretty useful case by itself). Or, in some examples, the functions considered might not be
smooth along the whole manifold, but only on a certain open subset.
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1 Basic definitions and examples

Definition 1.
* A time-dependent Lagrangian on Q is a smooth function L: R x TQ — R.
* A time-dependent Hamiltonian on Q is a smooth function H: R x T*Q — R.

If there is no dependence on the time parameter ¢ € IR (or, that is to say, if the domains
considered are just TQ and T*Q), we'll say that L or H are autonomous.

Example 2.

(1) If (Q,g) is a pseudo-Riemannian manifold and V: R x Q — R is smooth, the
function L: R x TQ — R given by

L(t x,0) = %gx(v,v) —V(t,x)

is a time-dependent Lagrangian on Q. Lagrangians of this form in pseudo-Riemannian
manifolds are called natural.

(2) If (Q,g) is a pseudo-Riemannian manifold and V: R x Q — R is smooth, the
function H: T*Q — R given by

1,
H(t,x,p) = 58x(p,p) + V (£, %)

is a time-dependent Hamiltonian on Q. Here, ¢* is a fiber metric on T*Q induced
by g. More precisely, if ¢*: T*Q — TQ is the musical isomorphism induced by g,
we set g%(p,q) = gx(¢%(p), &% (q)), where x € Q and p,q € T;Q.

(3) Ifa« € Q'(Q) is fixed, we that L,: TQ — R given by
Ly(x,v) = ayx(v)
is an autonomous Lagrangian on Q.
(4) If X € X(Q) is fixed, we have that HX: T*Q — R given by
HX(x,p) = p(Xx)
is an autonomous Hamiltonian on Q.
We will focus on Lagrangians first.

Definition 3. Let L: R x TQ — R be a time-dependent Lagrangian on Q. The action
functional l associated to L is defined by

b
o [x] :/ L(t, x(1), £(t)) dt,
a
for any smooth curve x: [a,b] — Q.
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Example 4.
(1) Let (Q, g) be a Riemannian manifold. The arc-length functional £ is given by

2l = [ 1)l

for any curve x: [a,b] — Q. We have that £ = o, where L: TQ — R is given
by L(x,v) = ||v||x. In this case L is not smooth near the zero section of TQ, so
this example does not quite belong in our setup here without some modifications.
Instead, we consider the energy functional € given by

8l = 1 [ g, 1) at,

which also is significant when (Q, g) is pseudo-Riemannian instead of Rieman-
nian. We have € = o, where this time L(x,v) = gx(v,v)/2. We will see in due
time that the geodesics of (Q, g) are precisely the critical points of €. So we will
need to define what is a critical point of an action functional.

(2) Let a € O}(Q) and consider again L,: TQ — R given by Ly(x,v) = ay(v). The
action functional associated to L, is given by

b
dr, [x] = /a ty(py (%(t)) dt = /x[a,b] o= x*a,

for any smooth x: [a,b] — Q.

Definition 5. Let L: R x TQ — R be a time-dependent Lagrangian on Q. We will say
that a curve x: [a,b] — Q is L-critical or a critical point of the action functional sy if for
every variation X: (—e, €) x [a,b] — Q of x with fixed points, that is, satisfying

e x(0,t) = x(t) forall t € [a,]], and;

® X(s,a) = x(a)and x(s,b) = x(b) for all s € (—¢,¢),

d ~ ~
we have that e dr(x(s,-)) = 0. We will denote this last derivative by d (o1 ) (X).
s=0
Remark. The notation d (), (X) is justified by the following interpretation: the do-
main of 9} is seen as a sort of infinite-dimensional manifold, and a vector tangent to
it at the curve x: [a,b] — R is the velocity vector of a curve of curves that starts at x.
This curve of curves is a variation x with fixed endpoints, and the vector field
ox
Vi(t) = =—(0,¢t
1) = 52(0,1)

along x is called the variational vector field of x. Every vector field V along x is V3 for
some variation X, and the variation X can be chosen with fixed endpoints, provided
V(a) = V(b) = 0. The proof is simple: choose any Riemannian metric ¢ on Q and
consider the associated exponential map exp. By compactness of [a,b], there is € > 0
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for which x: (—¢,€) x [a,b] — Q given by X(s,t) = exp,(;(sV(t)) is well-defined and
smooth. Indeed we have x(0,t) = exp, ;) (0) = x(t) forall ¢ € [a,]], and also

20,1 = dlexpy oV () = V1),

since the derivative of the exponential map at the origin is the identity.

Proposition 6. Let L: R X TQ — R be a time-dependent Lagrangian. Then a smooth curve
x: [a,b] — Qs L-critical if and only if for any natural coordinate system on TQ the Euler-
Lagrange equations hold:

oL d (BL

5 b (,4(0) = g G, x(t))> =0, k=1,...,n

Remark. Some texts write these equations in a suggestive way, as V,L — —V,L = 0.

dt

Proof: Let X: (—¢,€) X [a,b] — Q be a smooth variation with fixed endpoints. If the
path x is described in coordinates by

(x(t),%(8)) = (4" (), ..., g"(8), 0" (1), ..., 0" (1)),
let the variation X be described by
(N( t), aa;(s t)) (ql(s,t),...,ﬁ”(s,t),ﬁl(s,t),...,?J”(s,t)).

Also regard L as a function of the 2n + 1 variables (t,ql, .. .,q”,vl, ...,0"). So we

compute

Al )o(®) = & » /abL (t, #(s,1), 2 t)> dt

b d . ox
_/a &l L(t,x(s,t),a(s,t)> dt

(& oL " oL 0y 0T
_/a <k;ﬁ(t,x (8),2(£) 5 (0,8) + Za - (8, x(b), x(t))g(O,t)> dt

n gk 2~k
or (Z—Lk ))aai 0, +28Lk (tx(),5(0) 28 (0,))
d a7 d (oL N o
2 (Z )5 0.0~ 1 g (5t x(t)))—S(O,t)> a
~c b
Rt ))aaiw )

where we use in order:
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(1) 9*(s,t) = (95*/dt)(s,t) for all s and t and that 9/dt and d/9s commute.
(2) Integration by parts in the second group of terms.

(3) (95%/9s)(0,a) = (8G*/ds)(0,b) = 0 fork = 1,...,n, in view of the endpoint condi-
tions X(s,a) = x(a) and X(s,b) = x(b) mentioned before.

However, variations can be chosen suitably to make each one of the summands which
(0G*/3s) (0, t) is multiplied against vanish. Thus

0,50 - § (S5 0,50)) =0 k=1m

The converse follows from (roughly) the same computation done above: for simplicity,
assume that the images of [a, b] under X; = X(s, -) are covered by two coordinate charts.
Take a point ¢ € [a,b] such that all the X;[a, c] are in the first chart and all the X;]c, b]
in the second (this can be arranged for reducing neighborhoods as needed). Write
dA[X(s, )] as a sum of two integrals, and compute the s-derivative of each one. Each one
vanishes because the Euler-Lagrange equations are satisfied in each chart. The same
idea applies in the general case, since we can always cover the image x[(—¢, €) x [a, b]]
by a finite number of charts (perhaps reducing € is necessary), due to the compactness
of [a,b]. O

Remark. The Euler-Lagrange equations are geometric, in the sense that their vanish-
ing does not depend on the system of coordinates. Namely, if ((?1, gt oL, ..., ") is
another set of tangent coordinates for TQ, we have that

n 0
S0, 5(0) — 5 (G x020)) = L (5760050 - § (5560200 ) ) $ 0,

=1

QU

forallk=1,...,n.

Let’s see some instances of how the Euler-Lagrange equations can appear in Math-
ematics and Physics:

Example 7 (Down to earth applications). If Q = R, then TR = R?, and the Euler-
Lagrange equations may be used to study problems such as: given [4,b] C R and
numbers y,, ¥, € R, find a (smooth) function y: [a,b] — R such that y(a) = y, and
y(b) = yp, minimizing (or maximizing) the integral

7yl = [ 100y (0, 9(x)) dx

As a concrete example, let’s study the variational problem

1(x)2
wly) = [

y(1) =0, y(2) =15
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The “time-dependent” Lagrangian here is given by L(x, y, 1) = y?/x>, and even though
it is not defined on the whole R x TR =2 IR?, we may still apply what we have seen
above, since the integral is taken over an interval far from zero. We have

oL d oL d 2y(x) 2ij(x)x® — 6x2y(x)

3
oy dxay VA o 8 = §x) = (&) =0.

This equation can be solved by reducing the order and using an integrating factor. We
directly obtain that y(x) = c1x* + co, where c¢1, ¢, € R. The boundary conditions give
0 =c1+cyand 15 = 16¢1 + ¢, whence ¢; = 1 and ¢; = —1. Thus, the candidate
to extremize ¥ is y(x) = x* — 1. Deciding whether this is a (local?) minimum or
maximum for F in general is difficult, but in this case we can do a somewhat direct
analysis. Let #1,72: [a,b] — R be smooth and satisfying all the endpoint conditions
n1(a) = n1(b) = n2(a) = n2(b) = 0. Those conditions ensure that y + s171 + a1z
is also a candidate to a solution to the variational problem considered, no matter the
values of s; and s chosen. So we compute

0* 9 2 (v (%) + suyp (x) + sam75 (%) )?
051057 Fly + 51172 + s2772] = 051052 / : 1x3 ; dx
s1=52=0 51=5=0
3| PG )
01|, o1 x3
5170
2 2171 (%) 175 (%)
= ) T ax

Now, the quadratic form over the space of smooth #: [a,b] — R with #(a) = 1(b) =0
given by
2947 (x)2
- / U (3 )

is clearly positive -definite, so y(x) = x* — 1 maximizes %. The fact that this “Hessian”
was “equal” to F itself in this case was just a happy coincidence. Choosing other
Lagrangians, we can look for surfaces of revolutions generated by graphs of functions
y = y(x) minimizing the area functional

/ 2ty (x)4/1+ y(x )zdx

or understand the famous brachistochrone problem (studied by the Bernoullis, Newton,
L’'Hospital, among others): finding a curve in the plane joining two points which mini-
mizes the time a particle takes to move from one point to another, only under influence
of gravity — the functional that maps a curve to such time is

_ P 148
_/a 2gy(x) d

where g is the standard acceleration caused by gravity.
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Example 8 (Geodesics). Let (Q,g) be a pseudo-Riemannian manifold. Geodesics of
(Q, g) are the critical points of the energy functional

= 1 [ s, 20,

where L: TQ — R is given by L(x,v) = gx(v,v)/2. Let’s use this to show that
geodesics described in coordinates by

(x(t),%() = (g'(1), .., 4" (1), 0 (t),..., 0" (1))

are characterized by the differential equations

+2r )0l (t)=0, k=1,...,n,
i,j=1

where the Christoffel symbols are given by
Z g 9gir agfr _ agii
2 \ 9g/ aqi oq"

Along the curve x, we have

and (g")};

ii—1 is the inverse matrix of (&)}

i,j=1"

L(x(t), Z 8ij(x ()0 (t).

1]1

With this, we compute:

5 (5ol 20) ) = S0, 5(6) =

d n . n e l
== (; Z]Z;lgz](X(t))éiv (t) + Ei,jz—;l gij(X(t))z)l(t)(SI](> - %i/jz_;l a‘Zk]( (1)) (£)0) (1)
-3 (Z:ilgw(t))vl(t)) ~3 X S )

3 () G 00)+ L salx(6) G 0= 1 S50l

Lj= =

~ 93 i - do! 1 & 99 l
_1;#( (1)) (£) (t)+§glk(x(t))a() 51; aq}g( (£))0 (£)0l (1)

n i ) ) 9 y
= L8l NG %,Zl (a(-f;}%x( )+ gt (x(0) - 3 <>>) o (£)oi (t)

i= ij=

Thus, along geodesics we have that

i

- do 1 & (98 Igjk dgij NN
i_zlgik(x(t))g(t) + 51’,];1 (ﬁ(x(t)) + a_q]i(x(t)) - aqk] (x(t))) o (£)0l (1) = 0,
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forallk =1,...,n. Raising the index k (or, in more details: multiplying everything by

¢"", summing over k, and then renaming r — k), we obtain

do® | krk N (ol () =0, k=1
- () + L i)' (5 (5) =0, =1...,n

as wanted. More commonly, we express this in terms of second derivatives of the g*(t)
as

quk k . dql dq]

Note here that the Euler-Lagrange equations are not the classic geodesic differential
equations: this process of raising the index is necessary (but in general this step is
trivial, for example if one deals with a coordinate system for which the coordinate
vector fields are orthogonal). The proof of Proposition 6 (p. 4) in fact gives us that

_ b Dx . ox
460 = [ g (0, 5000)

where D /dt is the covariant derivative operator induced along x by the Levi-Civita
connection of (Q, g).

Sub-examples:
o Let H? = R x R~ be the hyperbolic plane equipped with the Riemannian metric
_dx? +dy?
U
We consider the Lagrangian

o 124
L(x,y,x,y)zi yzy ,

where we (abusively) use * and 4 as coordinates in TH?,as x = ¢!,y = ¢°, * = 0!

and y = v%. One equation is

_doL oL _d i\ iy -2ydy
~dtox 9x  dt \y? N v

4

and the other is
_doL 9L _d (y\ FHy gy -2yt 24
Cdtay oy dt \y? vy v
Simplified, they are nothing more than

2 1 1
i—Zxy=0 and i+ 22— —9?2=0.
yy Y y yy
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So we conclude that

1 1 1

Fiy = —g, F;ycx = g and I‘g]/ = —g,

while all the remaining symbols vanish (pay attention to the factor 2 gone from
the mixed symbol). Solving these equations, we have that the geodesics in H?
are vertical lines and half-circles centered in the x-axis (and hence meeting it

orthogonally).

¢ In the half-plane R~ x IR, consider now the Grushin metric

dy?
2, 9y
g =dx"+ o

Using the same notations as in the H? example, we consider the Lagrangian

L 1/, /2
L(x,y,%,y) = 5 (x2+ y2> )

X

So we have
~doL oL _d,. ¥ ., 1.,
M TE T R T
_doL oL _dy _ yx*-2xxy
~dtdy 9y dta? B xt
thus from

N L2
x+;y =0 and y—;xyzo

we can read ¥

= 1/x% and I%y = —1/x, while all the remaining symbols
vanish.

Example 9. Let’s generalize the previous example. Let (Q, ¢) be a pseudo-Riemannian
manifold, V: R x Q — R a smooth function, and consider again the time-dependent
Lagrangian with potential energy L: R x TQ — R given by

L(tx,0) = %gx(v,v) —V(t,x).

Describe a curve x: [a,b] — Q in coordinates by
(x(t),%() = (g'(1), .., 4" (1), 0 (1),..., 0" (1)),

so that

L(tx(8),5(1) = & Y- gy(x(0)0/()01(8) — V(£ x(1).

ij=1
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So we compute the Euler-Lagrange equations as:

d (oL , L .
3 (Gt x(0,5(0) ) = S5 (e.x(0),5(0) =
=< ( aik; L i) f(tw'(t)) + SV (x(n) - ( Uzlg,] vf(t)va,xa)))
- d ag; ag agl i i aV
= L anx0) G0+ by (Bt + S ) = S5 ) ) 900010+ 000
So, along critical points of 9} we have
d ag; 9g; 9gij T v
Zgzk anp 2 ( S () + SE) -5 <x<t>>)v<t)vf<t> = 530,
forall k =1,...,n. Raising the index k, we obtain
d*3° Ly ko 99 97 q K
FraY) +i]; Tij(x(8)) g7 (1) () = —((grady V(E, ))x(p))"

thus leading us to Newton’s equation

Dx
(1) = —(grad V(t, ),

forall t € [a, b]. Here, the gradient is computed only with respect to Q. In this setting,
we define the force F: R x Q — TQ by F(t,x) = —(grad,V(t,))x, so that

F(t,x(t) = 22 (1)

resembles directly the classical F = ma. The reason for the absence of the mass m
of the particle whose path is modeled by the curve x in the formula above is that
the usually such mass is already taken into account in the definition of the metric g,
which is positive-definite when modelling a mechanical system. The mass is then an
operator m : TQ — T*(Q, whose action is summarized in the “definition” of linear
momentum p = muv (of course, this is nothing more than the identification between
TQ and T*Q given by g, tentatively phrased in physics language). So m is included
in the definition of F, formed as a gradient (i.e., if F is a gradient taken with respect
to an inner product which does not take into account m, we have F = F/m). In more
general settings, when dealing with non-conservative systems, we would consider
time-dependent non-positional forces F: R x TQ — TQ, F = F(t,x,v).

Example 10 (Fiberwise linear Lagrangians). Let a € O'(Q) and consider the La-
grangian L: TQ — R given by L, (x, v) = ax(v). Assume given a curve x: [a,b] — Q.
Take local coordinates (ql, o qt, ol v") and describe the curve by
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n , nooy n .
Also write « = ) _a;jdg/ and v =) o/—| , so that L,(x,v) = ) _a;(x)v/. Thus we
=1

= o 9y
compute
aagk (x(t), %(t)) — %g%(x(t),x(t)) = ]é %(x(t))vj(t) -~ L wlx(1)
zgggmmwm—;%%(m%i)
:écg“m—%vMOKm

using that dqf /dt = o/ for all j = 1,...,n. If the curve x is L-critical, then the last
above expression vanishes for all k = 1,...,n. Then sum over k and conclude that
day () (2(t), ) = 0. Conversely, if da,(; (%(t), ) = 0, we may evaluate it at convenient
tangent vectors and conclude that all the n Euler-Lagrange equations hold. So we
conclude that x : [a,b] — Q is L-critical if and only if da, (4 (X(t),-) = O forall t € [a, b].
Now, from the proof of Proposition 6 (p. 4), we’ll also see that

d(sty, ) / day, ( (0 t)) dt.
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2 Fiber derivatives and Legendre transformations

Consider an autonomous Lagrangian L: TQ — IR. For a point x € Q, let also
L, = L}T Q" : TyQ — R be the restriction of L to the fiber TyQ. For v € T,Q, we may

compute the derivative d(Ly)y: T TxQ — R, but T, TxQ = T, Q, and so we may regard
such map as an element of Ty Q. Taking derivatives of L only along fiber directions
leads us to the:

Definition 11. Let L: TQ — R be an autonomous Lagrangian. The fiber derivative of L
is the map FL: TQ — T*Q given by

FL(x,v)w = —

T L(x,v + tw).

t=0

We say that L is regular if FL is a local diffeomorphism, and that it is hyperregular if IFL
is a diffeomorphism.

Example 12.
(1) If (Q,g) is a pseudo-Riemannian manifold, V: Q — R is smooth and the La-
grangian L: TQ — R is given by

L(x,0) = %gx(v,v) ~V(x),

FL(x,v)w = — L(x v+ tw)
t=

(v +tw, v + tw) — V(x))

Q..

H-

O
/\/\

N| -

I\J|>—‘

=, (gx(v,v) + 2t (v, w) + g+ (w, w)) — V(x)))

—gx(v w)

So FL(x,v) = (x,v,), and FL = b is the usual musical isomorphism TQ — T*Q
induced by g. Thus L is hyperregular.

(2) Leta € O'(Q) and consider again L,: TQ — R given by L,(x,v) = ay(v). Then

d
Ly(x, v+ tw) = I ax (v + tw)
0 Flizo

(ax(0) + tax (w)) = ax(w).

t=0

d
FLy(x,0)w = T

t=

dt

So, the expression FL,(x,v) = (x,ay) says that L, is not regular, as it does not
depend on v whatsoever (in particular, it is not injective when restricted any open
subset of TQ).
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We can do the same thing for T*Q and autonomous Hamiltonians. Namely, if we're
given H: T*Q — R and x € Q, we may again restrict Hy = H 0" T:Q — R, and
for p € T;Q, compute the derivative d(Hx)p: TpTy Q — R. Like before, T, T; Q = T;Q
allows us to see this derivative as an element of (T;Q)* = T,Q. So we have the:

Definition 13. Let H: T*Q — R be an autonomous Hamiltonian. The fiber derivative
of H is the map FH: T*Q — TQ given by

d
FH(x,p)q = G H(x,p+tq).
t=0

We’ll say that H is regular or hyperregular according to whether I[FH is a local or global
diffeomorphism.

Remark. By now you should have realized that these definitions may be written in
a much more general setting: let 7: E — Q be a fiber bundle, with typical fiber F.
Put E, = 7 !(x). So each E, is diffeomorphic to F and E = ||,cq Ex. Consider a
smooth map L: E — RR. For x € Q, restrict L‘ E,’ Ex — R, and for ¢ € E,, compute the
differential d(L|, )z: TeEx — R. This defines a map by FL(x,¢) = d(L|; )z In the
particular case where we have a vector bundle, then we may identify TzE, = E, and
see FL(x,{) as an element of the dual space E}. Thus we have a bundle morphism
IFL: E — E*. If E = TQ, we have our first definition of fiber derivative. The above
definition is just the case E = T*Q with the natural identification between a finite-
dimensional vector space and its bidual, and we call our maps H instead of L.

Example 14 (Analogues).
(1) If (Q, g) be a pseudo-Riemannian manifold, V: Q — R is smooth and the Hamil-
tonian H: T*Q — R is given by

1,
H(x,p) = 58x(p.p) +V(x),
then

FH(x,p)q = H(x,p+tq)

t=0

1 *
(—gx(p + tq,p + tq) + V(JC))
t=0 2

&l &l &~

(%(g?é(p, p) +2tgi(p,q) + t°gi(q,q)) + V(x))

I
Q 09 09
2R ¥
T~
©
e}
e
~

so that FH(x,p) = (x,p?) and FH = { is the usual (inverse) musical isomorphism
T*Q — TQ induced by g.
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(2) Let X € X(Q) and consider HX: T*Q — R given by HX(x,p) = p(Xy). We have
that

d
HX(x,p+tq) = | (i) (Xy)
t=0

70(p(Xx) +tq(Xx)) = a(Xx).

d
1FPIX("C/ p)q = &

_d
o dt

t=0

So FHX(x,p) = (x,X), and HX is not regular.

Back to Lagrangians. Essentially, we want to see FL(x,v) = (x,p) as a change
of coordinates. The first step is to understand what is p in terms of x and v, at least
locally. So let (ql, o qt o, ..., v") be local coordinates in TQ, and compute

0 d 0
pr(x,v) =FL(x,v)—| =—| L (x,v b )
aqk X dt t=0 aqk X
v oL i i
= 1_21 ﬁ(x,v)dt tIO(U + tdk)
" oL
=) —(x,0)0
; 00!
oL
= o)

Usually, people write this suggestively as p = dL/dv. The quantity p is then called
the momentum of L in the direction qk, and the formula

n

FL(x,v) = <X, Y. %(9@7’) qu‘x)

k=1
holds. A quick criterion to see whether the above actually define local coordinates on
T*Q is the following:

Proposition 15. Let L: TQ — R be a Lagrangian. Then L is reqular if and only if given any
set of local coordinates (ql, e, q",ob, ., 0", we have the Legendre condition

9°L "
det . , 0.
¢ ((80180" (x U))jlk:1> #

Remark. This does not require any proof: it is just the condition needed to apply the
Inverse Function Theorem to the set of equations p = 9dL/dv. Such condition does
not imply hyperregularity. For example, for Q = R, define L: TR = R?2 - R by
L(x,v) = e’. Then (9°L/9v?)(x,v) = e’ # 0 (so L is regular), but

d
dt

o+tw __ 0

e =ew

t=0

says that the fiber derivative IFL(x,v) = (x,e") is not surjective (and hence L is not
hyperregular). Here, of course, we're identifying T*R = TR = R? using the multipli-
cation of IR, so e” actually denotes the map TYR = R > w — e’w € R.
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Similar computations can be done for a Hamiltonian H: T*Q — R: if we take local
coordinates (ql, e 4", 1, -, pn) In T*Q, we may compute

d
o*(x,p) = FH(x,p) dg"|, =

H(x,p+tdq"|)

dtf
= Ié g—Z(x,p)% i tof)
— l; g_z(x,p)(sff
= g—m(x, P),

which gives

" oOH 0
FH(x,p) = | x, —(x,p)=— .
( ](_21 apk aqk x

Expressing v"’s in terms of p and py’s in terms of v might suggest a deeper relation
between those coordinates. For suitable choices of L and H, we indeed obtain some-
thing.

Definition 16. Let L: TQ — IR be an autonomous Lagrangian. Define the energy of L
as the map E;: TQ — R given by

E;(x,v) = FL(x,v)v — L(x,v).
Similarly, one defines Ep for an autonomous Hamiltonian H: T*Q — R.

Fiber derivatives and energy maps will provide the relation between Lagrangians
and Hamiltonians:

Theorem 17. Let L: TQ — R be a hyperregular Lagrangian and define a Hamiltonian
H: T*Q — Rby H = Ep o (FL)~!. We say that H is the Legendre transformation of
L. Then:

(i) H is hyperreqular and FH = (FFL)~',
(ii) the associated Lagrangian Eyy o (FH) ™! to H is the original L.

In other words, (i) tells us how to compute the inverse to IFL, and (ii) tells us that the Legendre
transformation is an involution.

Proof: We’ll do coordinate computations.

(i) First write FL(x,v) = (x,p), as before. We have that

H(x,p) = épxx,v)vi ~L(x0),
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and so 5 5 .
H i k
—(x,p) = — x,0)v— L(x,v)) =v",
3P = 3| L (pixo)e ~ L))
which says that
" 0H d ! d
FHoFL(x,v)={x, Y —(x,p)= =(x Y of— = (x,0)
( Igapk 9" |, k_Zl CUAR

For the reverse composition, write FH(x,p) = (x, v), so that

L(x,v) = i pivi(X, p) — H(x,p),
i=1

and thus
oL 0 =
—(x,v) = — < piv'(x,p) — H(LP)) = P
ovk ovk |, g 1
leading to
n . n K
FLoFH(x,p) = ( Z xv)dq |x>:<x,279kdq }x>:
=1 k=1
as wanted.

(i) With the relation between v and p in mind, we have that the associated La-
grangian to H is

(x,0) — En(x,p) = FH(x,p)p — H(x,p)
H(x,p)p — Er(x,v)
H(x,p)p — FL(x,v)v + L(x,v)

(x,

[
P"ﬁ'ﬁ

v),

since both fiber derivatives equal the sum Z prv* and thus cancel each other.
k=1

Now, let’s see concrete examples:

Example 18.

(1) Let (Q, g) be a pseudo-Riemannian manifold, V: Q — R be smooth, and our usual
Lagrangian L: TQ — R given by

L(x,0) = %gx(v,v) ~V(x).
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(2)

We have seen in Example 12 (p. 12) that L is hyperregular and p = FL(x,v) = v,,
and thus v = p’. So, we compute the associated Hamiltonian as:

H(x/ p) = EL(X, pﬁ)
= FFL(x, p*)p* — L(x, p*)
ooty — (Yo ot o)
= o(v") ~  55:(6%09) ~ V)
= SX(Pﬁ/ Pﬁ) - %SX(Pﬁ, Pﬁ) + V(x)
= 28(p) + V()

This in particular justifies our choice of sign for V: minus in the Lagrangian and
plus in the Hamiltonian. It is perhaps more natural to think of the total energy
of a system as the sum of the kinetic energy and the potential energy. Of course,
we know from classical mechanics that this total energy is constant along curves
obeying Newton’s equation (Dx/dt)(t) = F(t,x(t)), but this will be an easy con-
sequence of what’s to come. If one wants to carry out the inverse Legendre trans-
form to get a further feeling about what is going on here, the procedure is the same:
start with the Hamiltonian H(x, p) above. In Example 14 (p. 13) we have seen that
H is hyperregular and v = FH(x,p) = p’, so that p = v}, and thus the associated
Lagrangian is

L(x,v) = Ey(x,v))
=TFH(x,v,)v, — H(x,v,)

—0,(0) ~ (5830, 0) + V()
= 8:(0,0) — 584(0,0) ~ V()
— 58:(0,0) ~ V()

as predicted by Theorem 17.

Leta« € Q'(Q) and X € X(Q), and consider L, and H¥, as before. We have seen
that they’re not even regular, but we could still try to compute their energies. We
have

Er (x,0) =FLy(x,0)v — Ly(x,0) = ax(v) —ax(v) =0,
Epx(x,p) = FHX(x,p)p — HX(x,p) = p(Xx) — p(Xx) = 0.

Maybe that was to be expected.

Proceeding, it is natural to wonder what happens with the Euler-Lagrange equa-

tions after undergoing the Legendre transformation. The answer, which consists of
the equivalence between the Lagrangian and Hamiltonian formalisms of classical me-
chanics, is in the:
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Theorem 19. Let L: TQ — Rand H: T*Q — R be associated via Legendre transform.
Given a curve x: [a,b] — R, set (x(t),p(t)) = FL(x(t), x(t)) and describe x in coordinates

by
(x(8), 2(t),p(1)) = (4" (1), -, 4" (1), 0" (1), 0" (), pr(£), -, pu(t)).
Then the following are equivalent:

(i) The Euler-Lagrange equations

hold fork =1,...,n.
(ii) The Hamilton equations

k
0= Gpn) a0 = ~SRx(0),p(0)

hold forallk =1,...,n.

Proof: Assume that x satisfies the Euler-Lagrange equations. Then

gives us that

oH d
ap Fp(0) = 5

= E(f)l
and also
oH J n 1- .
S =gl (2 plt)o/ () - L<x<t>,x<t>>>
oL . d /dL .
= 0= 2 (), 2() = — 7 (50, 5(0))
__dp
==

where we first use the Euler-Lagrange-equations, and then the relation p; = 9L /90
given by the Legendre transformation. Conversely, assume that x satisfies the Hamil-
ton equations. Since

L(x(t), %(t)) = im(t)vl‘(t) ~H(x(0),p(1),
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we have that

o (e, 2(0) = o (; (1) (1) - H<x<t>,p<t>>>
= 0= S0, p(0) = T,
and so
aa—qu(x(t),x(t)) _ % <%(x(t),x(t))> _ %(t) _ %(t) o,
as wanted. O

Perhaps the only thing left to observe here is that while the Euler-Lagrange equa-
tions arose directly from a variational principle (i.e., characterizing critical points of
the action functional ¢y ), it is not clear whether there is a variational principle gen-
erating Hamilton’s equations directly, avoiding a transference process like Legendre
transformations. It turns out that the answer to this is affirmative. Here’s the:

Theorem 20. For a given Hamiltonian H: T*Q — R and a curve (x,p): [a,b] — T*Q,
define the action integral of H as

b
11l p = [ p(0)(3(1)) — H(x(t), p(1)) .
If we describe a critical point of AH as

(x(8),p(t) = (4" (1), -, q" (D), pr(t), .. pu(D)),

then (x, p) satisfies Hamilton’s equations

k
S0 = S (x()p() and () = S5 (x(0),0(0),

fork=1,...,n.

Proof: Let (X,p): (—€,€) X [a,b] — T*Q avariation of (x, p) with fixed endpoints, that
is, satisfying the conditions

e (X(0,1),p(0,t)) = (x(¢),p(t)) forall t € [a,b], and;
* X(s,a) = x(a) and X(s,b) = x(b) forall s € (—¢,¢).

Let’s use (-,-) for the standard inner product in R?" and for the natural pairing be-
tween vectors and covectors. Identifying (R")* = R" and write all vectors as

o _(H  om\  oH o
g \ogt"""ogn)’ dp’  0s’

and so on. So
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With this, let’s compute:
d

ds

A[E(s,), 506, )] = d

ds
_/ (< s, t), 3f(s,t) —H(f(S,t),E(s,t))) 4

:/a <%(o,t),%(t)> + <p(t),%(0/f)

|
/\

0,60, 0 ) = (5 (x(0,p(0), S (01) ) a
— [{(Es 0, 00 - T extnpion ) - (G0, S0+ i, p ) a
X ’
+ (b0, 550

If (x,p) is critical for s¢'?, since the variation has fixed points we obtain that

[ {(F0n, 50 - St p0)) - (00, L0+ 01000 ) at =

But variations can be chosen suitably, with dp/ds = 0 and 0x/ds still arbitrary, so that

b /ox dp oH
[ (G000, G0+ G x0),0(0) ) de =0
for arbitrary variational fields dx/ds implies

%%U)z_%;@aymny k=11

Back to the previous integral, now we can say that

/a <3p<0 ), if@) - a—H<x<t>,p<t>>> dt =0

for arbitrary dp/ds implies that

k
T = SLE0p0), k=,

as wanted. O]

Remark. There’s something deeper going on with this action integral, regarding the
particular structure of T*Q. Let 7r: T*Q — Q be the usual projection, 7(x,p) = x.
There is a natural way to define a 1-form in T*Q. Namely, given (x,p) € T*Q and
X(xp) € T(xp)T"Q, we need to produce a real number. Projecting X/, ,) we obtain
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a vector drt(,p)(X(xp)) € TxQ, on which p can act on. So we define the so called
tautological 1-form A € Q'(T*Q) by the formula

M) X)) = P (A7) (X)) ) -

A simple justification for the name “tautological” is the fact that any 1-form & € Q!(Q)
is actually a map a: Q — T*Q, and the pull-back of A is just a*A = a. In fact, this
n

property characterizes A, which is given in coordinates by A = 2 prdgt, since

k=1

9 9 9
Aoy | = =p|drup | == =p (—
voe) <a‘lk (m)) ( ooe) (aqk <x,p>>> 9"

and d/9py is always vertical. All that said, note that

) = pr(x,p)

X

Mstostn {5 GH0P(0) ) = () (0),

The integrand of the action integral s is the so-called action form Ay = A — Hdt.
One can do the calculations from the previous proof using A directly and Cartan’s
magic formula.

Let’s conclude this section noting one last consequence of the Euler-Lagrange equa-
tions, regarding the total energy Ey:

Proposition 21. If a curve x: [a,b] — Q is L-critical, then E| is constant along x.

Proof: Compute in coordinates:

SLEL(x(0), (1) = 3 (FLGH(0), %()(0) — L(x(6), 2(1)
d oL JL ", 9L do
=5 (}(_Zl W(WH(Q)U"(O) —I;la—lf((X(t),X(f))vk(f) —kﬂlw( (£), x( ))d—vt(f)
~ (d (oL . oL
= 3 (& (G 209) = S50 0
=0,
since each one of the n Euler-Lagrange equations kills a summand. O
Remark.

* This has a somewhat obvious adaptation for time-dependent Lagrangians, with
the necessary adjustments done in the definition of fiber derivative.

* This result also goes by the slogan “the Hamiltonian is constant along trajectories
of the action functional associated to the Lagrangian”. And this is now perfectly
justified, as the Hamiltonian is E;, up to a change of coordinates.
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Example 22. Item (1) of Example 18 above says that in a conservative mechanical sys-
tem, the sum of the kinetic energy with the potential energy is constant along paths
satisfying Newton’s equation

Dx
(1) = F(,x(1)).

In particular, when there is no potential, we conclude that in any pseudo-Riemannian
manifold, geodesics have constant speed (and so their causal character is determined
by a single tangent vector to it).

Looking for conservation laws of mechanical systems, such as the one given Propo-
sition 21 is our goal in the next and last session. In particular, we will see Noether’s
theorem, which is a rich source of conservation laws, exploiting symmetries of L.
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3 Invariance and Noether’s Theorem

Let’s start by formalizing what we mean by a symmetry of a Lagrangian:
Definition 23. Let L: TQ — R be a Lagrangian.
(i) A diffeomorphism ¢: Q — Q is a symmetry of L (or, L is ¢-invariant) if

L(g(x),dgx(v)) = L(x,v),
for all (x,v) € TQ.

(i) A vector field X € X(Q) is an infinitesimal symmetry of L if for every time f for
which the flow ®; x is defined, L is ®; x-invariant (in an adequate domain).

Let’s see a few examples:
Example 24.

(1) Let (Q, g) be a pseudo-Riemannian manifold, V: Q — R be smooth, and consider
the natural Lagrangian L: TQ — R given by

L(x,0) = %gx(v,v) —V(x).

Then any ¢ € Iso(Q,g) satisfying the additional property V(¢(x)) = V(x) for
all x € Q leaves L invariant. This happens, for example, when Q = R" and
V(x) = V(||x||*) depends only on the distance between the point x and the origin.

Sub-examples:

» Consider a mass m > 0, ¢ the acceleration of gravity, Q = RR® with coor-
dinates (x,y,z), equipped with the Riemannian metric m(-,-) (here (-,-) is
the standard metric in R3), and let V: R® — R be the gravitational potential
V(x,y,z) = mgz. Thus

m

2

Note that with respect to the metric m(-, -), the conservative force is given by

F(x,y,z) = —g9,. Soforamotiony: I — R3givenby (t) = (x(t),y(t),z(t)),

Newton'’s equation ¥(t) = F(7y(t)) (the Levi-Civita connection of m (-, -) is the

same as (-, -)’s) give us that

L(x,y,2%9,2) = = (¥ + 7> +2°) — mgz.

#(t) =0 x(t) = ay + vyt
y(t) =0 — {y(t) =ay + oyt ,
Z(t) = —g z(t) = ay + vyt — %,

where a, = (ayx,ay, a;) is the starting point and v, = (vy, vy, v;) is the initial
velocity of the motion. Now, for every 6 € R, we have that

cosf —sinf 0
Rg = | sinf cos@ O
0 0 1
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leaves L invariant. Since this is true for all 8, one might expect that taking the
f-derivative of something would give us something of physical significance.
Indeed, we know that the angular momentum —mxy 4 mxy is constant along
the motion v, as

d
— (—moy(ay +vyt) + m(ay + vxt)ay) = —mov, +moyo, =0,

dt
but this can be also expressed in terms of Ry, as follows: since
0
% 9:0R9 (x’ yl Z) - _yax ‘ (x,y,z) + xay ‘ (x/ylz)’

we have

FL(x,y,z,%,,2) (i Rg(x,y,z)) = —mxXy + mxy,
do|,_,

by item (1) of Example 12. The above quantity, in general, is called a Noether
charge. So we see that the Noether charge is constant along motions of the
mechanical system (R?>, m(-,-), —dV). Observe also that —ydx + xd, is a in-
finitesimal symmetry of L (and a Killing vector field for (R3, m(,)). This is
a particular instance of something more general that we’ll see in details soon.
Such idea can also be used to actually get information about the motions of
the system themselves. For example, for each s € IR, consider the translation
T: R® — R® given by 75(x,,z) = (x +s,y,z). Since the total derivative of T
at any point is the identity, we have that L is Ts-invariant for all s € R. Setting
up a second Noether charge

FL(x,y,2,%,9,2) (i Ts(x,y,z)) = mx,
ds|,_,
we reconfirm that x(#) is constant for a motion, and so x(f) = ay + v4t. Same
thing for y(t).
e Let V = 0and ¢ € X(Q) be a Killing vector field along Q. Then, where
defined, the flow ®, # consists of isometries. Let x: [a,b] — Q is a geodesic of

Q whose image is contained in the domain of the flow of ¢, and compute

%gx(t)(x(t)szx(f)) = x(t)(g(%,2))

Dx .
=) (G 080 ) + 840 (K0, Vi) =0,

since Dx/dt = 0 and V¢ is skew-adjoint. So, we conclude that the function
[a,b] > t = gy (%(t),€x)) € Ris constant. But this can be expressed in
terms of a Noether charge, since

FL(x,v) (%

Qdﬂ)zPM%wQZ@AuQ)
s=0

In other words, the Noether charge is constant along geodesics (L-critical
curves, when V = 0).
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()

(3)

* As a consequence of the previous point: let Q C R3 be a surface covered
by a Clairaut chart, i.e., coordinates (u,v) for which the metric of R3 induced
on Q takes the form ds?> = E(u)du? + G(u) dv?, where E and G are certain
smooth functions. We easily see that the coordinate vector field 9, is a Killing
vector field along Q. So, if x is a geodesic in Q described in coordinates by
x(t) = (u(t),v(t)), we have that

<x(t),av\x(t)>x(t) = G(u(t))o(t) = c,

for some real constant c, for all time t. In particular, if x has unit speed and
6(t) is the angle between x(t) and 9, |x( s We use that

(35,30 ) ) = £ 112] [l c0s (5 = 0(8)) = /G lu(t)) sin (1)

and obtain the famous Clairaut relation (renaming c):

\/G(u(t))sinf(t) = c.

As a consequence, we see that for Clairaut surfaces Q, unit speed geodesics
are forced to remain in the region of Q where G > c2.

Let « € O!(Q) and consider the fiberwise linear Lagrangian L,: TQ — R, and
consider X € X(Q) be an infinitesimal symmetry of L,. This means that ®; ya = a,
for all times t for which this makes sense. Then we claim that along L,-critical
curves x, the function t — a,(;) (X)) is constant. Indeed, we have by Cartan’s
magic formula that Zxa = d(ixa) + ixda, but ixda = —da(-, X), ixa = a(X) and
Zxa = 0 by assumption, so that

d )
qpxt) (X)) = day(p (1), X)) = 0

for L,-critical x, by the chain rule and Example 10. But we can again express this
in terms of a Noether charge:

d

dDS,X(x)) =TFLy(x,0) Xy = ax(Xy).
s=0

So again, the Noether charge is constant along L,-critical curves.

Assume that we Q = R" and we have global coordinates g = (q',...,4"). Con-
sider a smooth Lagrangian L: TR" = R?" — R. Assume that for a fixed index
k, we have that dL/dg* = 0. So, the Euler-Lagrange equations tell us that along
L-critical curves x, the momentum

L (el 20)
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is a constant function of ¢. Albeit silly, we can express this in terms of a Noether
charge: we have that for each s € IR, the translation map ¢,: R" — R" given by

os(q) = (q",....q" g +5,4, ... 4"
leaves L invariant. And we have that
0 oL
> = 5k (20).
q

FL(q,v) (% (ps(q)> = FL(q,v) (a_qk

Such a coordinate g* is called cyclic. Just in the same way that py = 9L/d0* is
called a momentum, 9L /dq* is called the force of L in the direction of g*. With this
terminology and bearing in mind the general idea that the force is the derivative of
the momentum (this is the content of the Euler-Lagrange equations), what we have
done above just says that if there is no force in a given direction, the corresponding
momentum is constant. The conservation of energy given in Proposition 21 can
also be expressed as a Noether charge.

s=0

Now, we have expressed conservations laws that we already had proofs for, in
terms of Noether charges. But what if we wanted to discover new conservation laws?
So, to begin with, what do all the Ry, flows of vector fields, ad families of translations
have in common? All of them are actually 1-parameter groups of diffeomorphisms,
that is, satisfying the properties 9 = Idg and ¢,y = @s o ¢y. This is the key for
motivating the correct statement of the:

Theorem 25 (Noether). Let L: TQ — R be a Lagrangian, and (¢s)ser a 1-parameter
group of diffeomorphisms of Q leaving L invariant. Then the Noether charge associated to

the (¢s)ser, defined by
d
J(x,v) =FL(x,v (— Sx),
(00) = FLEo) (5] 0il)

is constant along L-critical curves in Q.

Proof: Let x be a L-critical curve and, for each s, put xs = ¢; o x. In particular, the
chain rule gives %5(f) = d(¢s) () (%(t)). Well do a coordinate computation, writing

(xs(8), 25(1)) = (g'(s,1),.., 4" (5, £), 01 (s, 8),..., 0" (5, 1)).
t)) = L(x(¢), ())foreverysElR we may apply 9/9s to get

Since L(xs(t), 14
0= k; s—ql;((xs(t),xs(t))aa—qk(s,t) - k; %(xs(t),xs(t))aa—vk(sf )
U o (S ,5:0)) s+ 3 2 ) w0 G o0
2§ 4 (w0 en)
-3 (Lo m0en).
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where in (1) we use the Euler-Lagrange equations for x; and in (2) we use that d/9s
and d/9dt commute, and the product rule. Now set s = 0 (i.e., xop = x) and recognize
the equality

0= % (]FL(x(t),x(t)) (%

s:oq)S(x(t)))) BT (}(x(t),x(t)»’

as wanted. O

There is, however, a more powerful generalization of Noether’s theorem. Thinking
of “symmetries” should be the same as thinking of groups (this is why people should
care about groups, to begin with). We can see the action of (¢s)ser in Q as a group
actionR O Q. So, with this idea in mind, fix a Lie group G with Lie algebra g = Lie(G),
and let G © Q be a smooth action in the configuration space. That is, we have a map
G x Q — Q satisfying the axioms

(a) eg - x = x for all x € Q, where e is the identity” of G,
(b) g-(h-x)=(gh) -xforallx € Qand g,h € G.

Fixed ¢ € G, the map Ag: Q — Q given by Ag(x) = g - x is called the action map of g,
and it is usually identified with g itself. And fixed x € Q, the map 6,: G — Q given
by Ox(g) = & - x is called the orbit map of x. Note the relation Ag(x) = Ox(g).

Now, we also obtain an action G © TQ given via derivatives. Namely, if we regard
an element ¢ € G as a diffeomorphism g: Q — Q, then we set

g (x,0) = (gx,dgx(v)).

This is indeed an action, since the derivative of eg = Idg is again the identity and we
apply the chain rule with the action property g(hx) = (gh)x to get

g (h-(x,0)) =g (hx,dh(v))
= (g(h(x)), dgnxdhx(v))
((gh)x,d(gh)x(v))
= (gh) - (x,0),

as wanted. With this, the following definition makes sense:

Definition 26. A Lagrangian L: TQ — R is G-invariant if L(g - (x,v)) = L(x,v), for
every g € G.

Remark. In the sense of Definition 23, note that this is the same as saying that L is
g-invariant for every ¢ € G, in view of the definition G O TQ and identifying ¢ with
its action map TQ — TQ.

Before proceeding, let’s make one more comparison with the case G = RR: the
derivative x — 0 ‘s:o%(x) actually defined a tangent vector in T,Q, which we can
see as coming from the element 1 of the Lie algebra Lie(R). So, elements of g will
generate vector fields in Q via the action. More precisely, we have the:

2The letter e comes from German, einselement (unit element).
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Definition 27. The infinitesimal action (or action field) X* € X(Q) of an element X € g
is defined by

- d

£2 2 e Mx = d(0)e(X).

t=0

Obviously (X + Y)* = X* + Y* and (AX)* = AX*, whenever X,Y € gand A € R.
So we can put the pieces together and state the:

Theorem 28 (Noether). Let L: TQ — R be a G-invariant Lagrangian. Then, for every
element X € g, the map §X: TQ — R (called the Noether charge generated by X) defined
by $%(x,v) = FL(x,v) X%, is constant along L-critical curves in Q.

Remark. Note indeed that for G = R withs - x = ¢s(x) and 1 € Lie(R), we have that
1% = o ‘Szoq)s(x), so Theorem 25 is a particular case of Theorem 28 above, with the
Noether charge there being the Noether charge here generated by 1.

Proof: Fix X € g and define an action R © Qbys-x = eXx. If yx: R = Gis given
by vx(s) = e, observe that given x € Q, we have 6R(s) = (6¢ o vx)(s). Thus

1 = d(6R)p(X) = d(6F 0 1x)o(X) = d(6F),.,0)(1k(0)) = d(6F)e (X) = X,

since 7x(0) = eg and 7%(0) = X. So the Noether charge X generated by X via the
action of G equals the Noether charge ¥ generated by 1 via the action of R. Clearly L is
R-invariant (since it is G-invariant), and thus such charge is constant along L-critical
curves, by Theorem 25. O

Remark.

e We have observed that map g € X — X* € X(Q) is linear, and since FL takes
values in T*Q, we may see the charge ¥ as a linear map g > X + %X € €®(TQ).
So we get m = dim g independent conservation laws.

* From a logical standpoint, it follows from the above proof the remarkable fact
that Noether’s theorem for R-actions is equivalent to its version for more general
G-actions.

We’ll conclude the discussion with two last examples:
Example 29.

(1) Let Q = G acting onitself, « € Q!(G) and consider the fiberwise linear Lagrangian
Ly: TG — R given by Ly(x,v) = ax(v).

¢ Assume the action is given by left translations (i.e., § - x = gx) and thata is a
left-invariant 1-form, that is, satisfying (L¢)*x = « forall g € G. Then L, is
G-invariant, as

L(Lg(x),d(Lg)x()) = ap(x) (d(Lg)x(v)) = (L) @)x(v) = ax(v) = L(x,0),
forall ¢ € G. So, given X € g, we compute the infinitesimal action of X as

X§ = d(0x)ec (X) = d(Re)ec (X) = (X5)x,
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()

where XR € XR(G) is the right-invariant vector field defined by X. Then, the
Noether charge generated by X is $%(x,v) = FLy(x,0)X¥ = a,((XR),). By
Noether’s theorem, we conclude that if x: [a,b] — G is any L,-critical curve,
i.e., satisfying the condition da, ;) ((t),-) = 0 (seen in Example 10), then the
function [a,b] > t — zxx(t)((XR)x(t)) € R is constant.

* Assume the action is given by right translations (i.e., ¢ - x = xg~1; the inverse
is needed here to make this a left action, or else we’d have a right action) and
that « is a right-invariant 1-form, that is, satisfying (R¢)*a = « forall g € G.
Like in the previous case, L, is G-invariant. So, given X € g, we compute the
infinitesimal action of X as

X% = d(0y) e (X) = d(Ly 0 inv),. (X)
= d(Ly)e, 0 d(inv)e. (X) = d(Ly)e. (—X)
= _(XL)x,

whereinv: G — G is the inversion mapping®, X € XL(G) is the left-invariant
vector field defined by X. This time, the Noether charge generated by X is
FX(x,v) = FLy(x,0) X% = —a,((X")y). By Noether’s theorem, we conclude
that [a,b] > t — ocx(t)((XL) «(#)) € Ris constant along Ly-critical curves x.

One could also consider the case where the G acts on itself by conjugation (i.e.,
¢-x = gxg~!) and that « is a bi-invariant 1-form, that is, both left and right-
invariant. But this does not give us anything new, since in this case both a,((X%),)
and &, ((XR),) are already constant functions of x, for any X € g. Mimicking the
argument given in the previous two cases (which indeed say something, as first
we have that left-invariant « acts on right-invariant XR and then right-invariant
« acts on left-invariant X), we would have that L, is G-invariant, and for X € g
the action field is X* = (XR), — (X!), (which makes sense, as we're combining
the previous two actions, hence combining the infinitesimal actions as well). The
Noether charge generated by X is

jX(x,v) = “x((XR)X) - “x((XL)x)'

Since (X®).. — (XF)ee = X — X = 0, Noether’s theorem gives that along L,-critical
curves x, we have that &,y ((XR)x(t)) = Qy(p) ((XL)x(t)) for all ¢.

Let Q = R® with G = SO(3) acting via evaluation, and consider a mass m > 0.
Consider the natural Lagrangian L: TR = R® — R given by

m

> (242 +22) — F(FP+ 2+ 2%,

L(x,y,2,%,9y,2) =

where this time f: R — R is smooth. In other words, the potential energy depends
only on the distance between the (base) point (x, y, z) and the origin of R3, and thus

3Satisfying d(inv).. = —Id,.
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L is SO(3)-invariant. Gradients of such potential functions are called central force
fields. In this case, we have that

_ 20 2
F(x,y,z) = —— 4y + 2%) (xdy ]xyz + 9y () T 20z r (7))
and thus for any L-critical v we have

g0y (£) x y(#) = my(8) < 3 () +my(t) x ()

=m7y(t) x F(y(t))
2

=y (t) % (e 0P 1))
= 0.

This means that the angular momentum my(t) x () is constant. Now, recall that
given v = (a,b,c) € R?, the matrix representing the linear map v x _: R®> — R®
with respect to the standard basis is

and the map R® 3 v — A, € s0(3) is a Lie algebra isomorphism, as can be checked
by a direct computation with matrices (linearity is obvious), or by using the double
cross product formula (here (-, -) denotes the standard inner product in IR?):

[Av, Aplp = X (w X p) —w X (v X p)

— (0, p)w — (0,w)p — (w, p)o + (w,0)p

= (o, p)w —(w, p)v

=px (wx0)

=(vxXw)xp

= Apxwp-
Anyway, this means that via the above isomorphism, we can generate Noether
charges associated to vectors in IR?. Since the action is given by evaluation (and

the total derivative of a linear map at any point is itself), we clearly have that the
infinitesimal action is given by wﬁ = w x p € T,R3. With this, we compute

F%(p,v) = ]FL(p,v)wf, = m(o, wf,> =m(v, w X p) = mdet(p,v,w).

Noether’s theorem gives that along a motion y of the mechanical system consid-
ered, for every w € R®, the map t — mdet(y(t),7(t), w) is a constant (which
depends on w). Taking w to be each one of the vectors in the standard basis of R?,
we conclude again that the angular momentum m-y(t) x §(t) is constant. To wit,
writing y(t) = (x(t),y(t),z(t)), we get constants ¢y, ¢, c3 € R such that

c1 = m(y(#)z(t) — y(t)z(t))
e = m(x(8)z(t) — x(£)z(t))
c3 = m(x(H)y(t) — x(t)y(t)),
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and the expressions on the right side are the components of my(t) x ().
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4 Further generalizations on Lagrangians

What if instead of considering curves in Q, we considered m-surfaces? Fix m > 1
and let (3 C R™ be a compact subset with non-empty interior and regular boundary
0Q). Let’s denote points in Q by u = (u!,...,u") and say that amap x: Q — Qisa
m-surface. A variation of x is a map x: (—e€,€) x Q — Q satisfying x(0,u) = x(u),
and we’ll say that x is a variation with fixed boundary if it also satisfies the condition
(s, )laq = x|, forall s € (—e, €). Now, our Lagrangians should be able to accept as
inputs all the partial derivatives of x together.

So, before proceeding, we should understand how to describe the Whitney sum

TQ@m _ |_| (T,Q® - - @TxQ)l-

~-
¥eQ m copies

Its elements have the form (x,v1,...,vy), where x € Qand vy, ..., v, € TxQ. Coordi-
nates (g!,...,g™) will induce coordinates in each copy of TQ inside TQ®™, which we
will treat as independent, and label with additional indices:

(ql,...,q”,v%l),...,v’gl),...,v%m),...,v?m)).

In the (frequent) case when n = 1, we omit the upper indices and the parentheses in
the lower index, so that v% 1) = V¢- Observe also that dim TQ®" = n(m+1). This leads

us to the:
Definition 30.

(i) A Lagrangian on m parametersisamap L: R™ x TQ®™ — R, where TQ®™ denotes
the Whitney sum of m copies of TQ. We will say that L is autonomous if it does
not depend explicitly on the u-variable (or, in other words, if its domain is only
TQ®™).

(ii) The action functional of L is defined by

dr[x] = /QL (u,x(u),%(u),...,ai—xm(u)) dul - - du™,

where x: Q) — Q is a m-surface.

(iii) We will say that x is L-critical if

A(el)a(F) = 5 dif(s,)] =0

s=0

for every variation x of x.

Remark. For convenience of notation, we set du = du'---du™ and Vx(u) for the
vector of partial derivatives of x, to simply write

oy [x] :/QL(u,x(u),Vx(u))du.
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Let’s see how our old examples can be generalized:
Example 31.

(1) Let (Q, g) be a pseudo-Riemannian manifold, and V: R x Q — R a smooth map.
A natural Lagrangian on m parameters L: R™ x TQ®™ — R can be defined by

1 m
L(u,x,01,...,0m) = 5 Y gx(vr,0r) = V(u,x).
r=1

(2) Let® € T'((T*Q)®™) be a field of covariant m-tensors on Q. Define the Lagrangian
associated to @ by Le: TQ¥" — R by Lo(x,01,...,0m) = Px(vy,...,0m). Of
particular interest will be the case when ® is a m-form, in which case we have that

il = [ @y (%(u),...,i—i(u)) an= [ vo

The Euler-Lagrange equations have the following generalization:

Proposition 32. Let L: R" x TQ®™ — R be a Lagrangian on m parameters. Then a m-
surface x: Q — Q is L-critical if and only if for any natural coordinate system on TQ®™ the
Euler-Lagrange equations hold:
oL 29 oL
— (u,x(u), Vx(u)) =Y —; <—
ag* = out 80’(‘@
Proof: The argument is the same given for m = 1 previously, but let’s just deduce the
equations for completeness: describe everything in coordinates as

(u,x(u),Vx(u))) =0, k=1,...,n.

(x(u), Vx(u)) = (G (s,u),..., ﬁ”(s,u),ﬁ%l)(s,u) ..... zﬁl)(s,u),...,ﬁ%m)(s,u) ..... v(m)(s,u)),
which is to say that all the relations
a~K

ﬁg)(s,u) aqg(s u, k=1,....n, ¢=1,...,m

hold. So we repeat the strategy from before:

% ) /Q L(u, 5 (s, 1), Vui(s,u)) du = /Q %S_OL(””?(S’”)’V”%’“)) du
/Qk 1 aq (u), Vx(u ))aaﬁ:(o,u)+]:21§ai€)( (u), Vx( ))@(o,u)du
/ —Lk (), Vax(u ))%(QuHI:}:léaig) (M,X(M),Vx(u))%@,u)du

; / u), Vx(u ))qu(o u) = k_Z”_flaaué a?ﬂ?@ (u, x(u) vx(u)>> ai(o,umu

k

— Vx
-/ kz ( () -} 5

where we use in () the multivariable integration by parts formula together with the
condition X(s which ensures that the boundary terms vanish. O

Ms
QO
B
~
R
QO
h
VS
:
R
/\
v
<l
=
A
\/
N—
~_
~__—
¥
~—
L
=
N—
Q.
\:

[
—_

‘ao x|80’
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Example 33 (Minimal surfaces). Let f: 3 — IR be smooth and consider the graph
gr(f) of f,ahypersurface in R”*! = R™ x R. It has the standard Monge parametriza-
tion ¢: Q — gr(f) given by ¢(u) = (u, f(u)). Fix the curve ¢[0Q)] in R™*1. Among
all the graphs which share ¢[dQ}] as boundary, which one has least “area” (i.e., m-
volume)? In other words, when does f minimize the area integral

Area(gr(f) = [ \/1+ (V)P du?

We can model this situation with what we have done so far by considering Q=Rand
the Lagrangian L: TR®™ — R given by L(x, vy, ... \/ 1402+ +02. Thus

Area(gr(f)) = s, [f] = /QL(f(u),Vf(u)) du

Let’s compute the Euler-Lagrange equations for this L. We clearly have

g—i(x,vl,...,vm)zo and g—w(x,vl,...,vm):\/1+U%+“.+vz,
and so
9 /oL oL

0= 1 ut (5o U0, 9700 ) = 5070, T £0)

% 0 [ (af/out)(u)

~ L3 f<\/1+||Vfu)||2>

—div[—Y ) .

1+ |V£I?

We call the relation

\Y (_Vf > =0
VIV
the minimal surface equation in divergence form. This is also related to the so-called mean

curvature of gr(f), which is defined (up to a +1/m factor) as the trace of the second
fundamental form of gr(f) in R”*!. It can be computed as H = Yij—18"hij, where

dp J¢ ¢ -1
8ij = <ﬁ'ﬁ>' hij = <N'W and (gl])lf 1= ((gij)?jjzl) /

and N is a unit normal vector field along gr(f) in R™*1. If (ey, ..., e;) is the standard
basis of R", we have that

20 = (0 hw) and T = (0,55 w),

) of of j_gj_ 1 Of of
gl]_51]+8 w8 =0 1+ ||V f]]?oul ou’

and so

Page 34



Introductory Variational Calculus on Manifolds Ivo Terek

foralli,j = 1,...,m (for example, by the Sherman-Morrison formula*). Now, a unit
normal field along gr(f) in R"*! is®

(-5
T+ VAP

which immediately yields
. 1 9*f
T T VAR ol
Thus, if V2 f denotes the Hessian of f, we can put all of this together and compute

m .o
H=} g'h

ij=1

— i ((517_—1 ii) 1 O f

=1 L+ [[Vfl2ouiou ) \ \/1+[[Vf]? ouiou
Af  (VEO(VS V)
VIHIVAR A+ IIVSIR)2

= div (—Vf 2) ,
VI+[VA]
in view of the product rule® for div. Thus, we conclude that a f is a critical point of
the area functional if and only if gr(f) has zero mean curvature. In the case when

m = 2, eliminating the common denominator and setting (u!,u?) = (u,v), we have
the classical minimal surface equation

N7\ & ,ofof &f f\7\ 2f
(1+ (E)v) ) oz auavauav+ (1+ (8 ) > 02 =0

Example 34 (Harmonic functions). For Q = R, look at L: TR®" — R given by

1
S+ o)

L(x,vl,...,vm)zz

4If A is a non-singular square matrix and u and v are column vectors, then A + uv ' is non-singular
if and only if 1 + 0" A~'u # 0, in which case we have

A lypT A1

Atup’)ylop 12 ¥4
(Atuo’) 1+0TA 1y

Our case hereis A = Id; and u = v = Vf.

5You can do the case m = 2 to see what is going on, the general case then becomes clear.

®For a vector bundle E — (M, g) over a pseudo-Riemannian manifold, equipped with a linear con-
nection V, we define the divergence of r € T(T*M ® E) as dive = tr¢((X,Y) — (Vx0)(Y)), and the
formula div(fo) = fdive + (T(gradgf) holds for f € 8°(M).
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For a smooth function 1: () — IR, the action functional of L is

2/ <8u1 ) R +<aa£«()> ”2%/0||V1P(u)llzdu.

This is called the Dirichlet energy of . As

oL oL
a(x,vl,...,vm):() and a_w(x’vl""’vm):vg’
we have that 1 is L-critical if and only if
"9 (0dL oL L T
0= 3 s (5o i, Ty ) = 5000, V) = L 2750 = gt

That is, ¢ is L-critical if and only if ¢ is harmonic (Ay = 0). Since any A € O(m,R)
is a diffeomorphism of R™ preserving L, we conclude that if ¢ is L-critical, sois o A,
which is to say that if Ay = 0, then A(¢p o A) = 0 (of course, actually the stronger
relation A (¢ o A) = Ay o A holds).

Remark. Generalizing even further what we’re doing in this section and instead of m-
surfaces () — Q, considering maps where the domain is another pseudo-Riemannian
manifold, one can prove in the general setting of manifolds that critical points for the
Dirichlet energy functional are harmonic functions.

Example 35. Let’s go back to Example 31.
(1) The natural Lagrangian L: R™ x TQ%®" — R given by

1 m
L(u,x,01,...,0m) = 5 Y gx(vr,0r) = V(u,x)
r=1

on a pseudo-Riemannian manifold (Q g) is described in coordinates by

L(u,x,01,...,0 2 Zg,] — V(u, x),

z Jj=1r=
whence

aL 1 n m agl ; .
a_qk(”’ X,01,..,0m) = 5 2 ; Wk](x)v(r)v](r) — a—qk(u,x)

and
oL

k
av(g)

Putting all of this together, we compute the Euler-Lagrange equations just like in
Example 9 (p. 9) as

fj ( oL x(u),Vx(u))) —g—;,;(u,x(u),w(u))

(M, X,01,... ;vm) = Zgik(x)v
i=1

av( 0
n m av j aV
=Y Y gilx(u) =2 +22w 0l ()07, () + S (1, x(10),
i=1i=1 a” ij=110= 9
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(2)

so that setting this equal to zero and raising k yields

32 k a 3 j
2 ((au ) 2 r ( >aZ€( )> - _((gradgv(u/'))x(u))k-

/=1 i,j=1

This means that if F: R" x Q — TQ is given by F(u, x) = —(grad,V(u, ), then
the condition to be L-critical is a generalized version of Newton’s equation:
" D [ ox
— (=) = F(u,x(u)).
% ot (ur ) = Flx(a)

The above is a suggestive notation for what follows: we use the map x to pull back
the Levi-Civita connection V in TQ to a connection x*V in the bundle x*(TQ) over
Q, and the condition is Y)" 1 (x* V) /5,0 (0x/0u®) = F(u, x(u)).

In particular, if Q = R" and ¢ = m(-, -) (where m > 0Ois a fixed mass and (-, -) is the
standard inner product), the Levi-Civita connection is the standard flat connection,

and Newton’s equation reads Ax = F, where A is the Laplace operator applied
componentwise.

Let ® € O™(Q) be a m-form, and consider the Lagrangian Le: TQ®™ — R de-
fined by ®. Here, we consider ® to be totally skew instead of merely a field of
covariant m-tensors, to be able to use the exterior derivative d® € Q"1(Q). We
have a direct generalization of what happened with 1-forms, in Example 10 (p. 10).
Namely, a m-surface will be Lg-critical if and only if it satisfies the relation

ox ox
dq)x(u) (ﬁ(ﬂ), ey au—m(u), ) =0.

To illustrate, let’s write the Euler-Lagrange equations for the m = 2. We start with

n . . . .
¢ =) ®;df®dy = Lo(x,01,v2) =) @ij(x)vl(l)vj(z).

i,j=1 ij=1
JLo n a<I>l] C
It follows that a_qk(x' v1,02) = i]-z_l o (x)vl(l)vl(z) and also that
dL L ~
av’(‘z X,v1,02) Zchlk 52 — v( )5f),
i=

by using the skew-symmetry of ®. With this, we have that for a 2-surface described
in coordinates as

(x(u), Vx(u)) = (g'(w),...,q" (u), v%l) (), ..., vy (u), 0%2) (), ..., vy 1)),

Page 37



Introductory Variational Calculus on Manifolds Ivo Terek

the Euler-Lagrange equations read

L a (oL o (oL
0= ﬁ(X(u),Vx(u)) ~ 5 (av,((i (X(u),Vx(u))> 50 (82}’(‘; (x(u),VX(u))>
_ v 9% i j -, ; 9 (& ;
.Zl 5 (K02l ()90 (1) = 575 ;cplk(x(u))v(z)(u) = Z{@lk(x(u))v(l)(u)
i,j= i= i=
n . n , n a L
ZJZ aaq;;% ( >>vzl)<u>vzz)<u>+i; af;;.’% (1)) (u)oley () + 1 @i (x(w) a 2 ()
n i n ov!
= X Gt )y w0et ) — Y @uxt) 3 0
(%) n 8<I>1 8<I>k aCI)i ;
= 1-,;<qu]( (1)) aqi‘ (x(u)) - aq]-k( ( ))) vy (1)) (1),
where in (x) we use that
Wy _ g _ 9y

ou2  oulou?  oul

to make the single sums cancel. The last expression is precisely the k-th component

of the 1-form 5 5
X X
dq)x(u) (ﬁ(u), W(u)’ ) = 0,

along the image x[Q}], so we're done. Like before, it also follows that

ax . oF
d(slr, ) /dop ( ),...,au—m(u),g(o,u)) du,

for any variation x of x with fixed boundary. The proof for general m is then just
an exercise in notation.

(3) Consider again a pseudo Riemannian manifold (Q, g), and the fiberwise linear
Lagrangian associated to the metric g itself, that is, Ly: TQ®? — R given by
Le(x,v1,v2) = §x(v1,v2). Let’s compute the Euler-Lagrange equations for L, us-
ing the coordinate expression

i,j=1
First, we compute
—(x,01,02) = (x)v',,0),, and (x,v1,02) gir(x) (05 v +5
5 1-,]; ot V%) 2 g 2 k(%) (82 19(2))-
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Putting all of this together, we have

d oL d oL oL
0= (W,&)(x(u), ww») reo (%u(u»w(u») — 2= (x(u), Vx(u))

“a @gl‘k(’““))”izﬂ”)) * (éwx(u))véz)(u)) - 32 B a(w)oly (ol (o)

n aZ i n P} ; ag. agi' ; .
=2 V)0 + 1 (82 )+ S (x(0) = S50 ) ey (ol (),

which is equivalent (by raising k) to

Bulauz ) + 1]21 T ( )8u2 (u) =0,

forall k = 1,...,n. We may write such condition as V, /5,1 (9x/9u?) = 0, where
V is the Levi-Civita connection of (Q, g), or simply

D [ox)\ 0

oul \ou2)
which of course equals (D/0u?)(dx/0u'). Again, if you want to be completely
rigorous here, here’s what is going on: we use the map x: (3 — Q to pull back

V to a connection x*V in the bundle x*(TQ) over (), and then we have that
(X*V)a/aul (ax/auz) =0

The notion of fiber derivative and what comes with it has a somewhat direct gen-
eralization:

Definition 36. Let L: TQ®™ — R be a Lagrangian on m parameters.
(i) The ¢-th partial fiber derivative of L is the map (IFL)‘: TQ®" — T*Q given by

(IFL)K(X,”OL. . .,vm)w = i

T L(x,01,...,00 1,00+ tw,vp1,...,0m).

t=0

(ii) The total fiber derivative of L is the map FL: TQ®™ — T*Q%™ given by

m
FL(x,01, ..., 0m) (w1, ..., ww) = Y_(FL)'(x,01,...,0m)w.
/=1

(iii) We'll say that L is regular or hyperregular according whether IFL is a local diffeo-
morphism or a global diffeomorphism.

(iv) The energy map of L is the map E;: TQ®™ — R given by

Er(x,v1,...,9m) = FL(x,01,...,0m)(01,...,0m) — L(x,01,...,0m).
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Remark. In item (ii) of the above definition we are using the natural identification
between fibers (T, Q®™)* = TFQ®™. And just like calculus in R”, we have that

(IFL)E(x,vl,...,vm)w = FL(x,v1,...,9m)(0,...,w,...,0),
where obviously w in the right side enters in the /-th slot.

The description of IFL in coordinates is similar as in the single-variable case. Namely,
coordinates in Q induce coordinates in each copy of T*Q inside T*Q%"™, treated as in-
dependent, and thus we may write

(ql,...,q”,pgl),...,p,(cl),...,p%m),...,p,gm))

as coordinates for T*Q®", so that if FL(x,v1,...,v,) = (x,p%,...,p"), we have
oL

—k(x,vl,...,vm),

(£)
py (X, 01,...,0m) =
%)

leading us to

noaL . "L .
FL(x,v1,...,0m) = x,Z—k(x,vl,...,vm)dq ,...,Z —(x,v1,...,0m) dq ,
k=197(1) x k=1 av(m) x

as expected. We are also justified in writing p’ = (FL)!(x,v1,...,vn).
Example 37.

(1) For the natural Lagrangian L: TQ%" — R with potential energy V: Q — R, we
have

FL(x,01,...,0m)(w1,..., wy) =

moq 1 1
- Z T (ng(vg—f—twbvg-i-twﬁ +§ ng(vk/vk) - V(x))
P L P pay
m
— gx(’vf/ wﬁ)'
(=1

Thus FL(x,v1,...,0,) = (x,(v1)y, ..., (Um),). Clearly the energy of L is given by
1 n
Er(x,v1,...,04) = 5 Y gx(vp,v0) + V(x).
/=1

(2) For ® € O™(Q), we have

I
NgE
& a

Dy (v1,...,00_1,00+ twy, Vi1, .., Om)
t=0

FLo(x,01,...,0m)(w1,..., wy)

~
I
—_

(01, U1, W0, V1, Om)

I
=
S

~
I
—_

I
NgE

Lq;(x,?)l,. ey 001, Wy, 0p41,-- .,Z)m).

T
X
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Compare this with the usual formula for the total derivative of a multilinear map
defined in a product of vector spaces. The energy of Ly is

ELq)(X,Ul,...,Um) = qu>(x,vl,. . .,Um) — Lq>(x,vl,. . .,Um)
= (m—1)Lo(x,01,...,0m).

In both cases above, for m = 1 we indeed recover the computations done in Example
18 (p. 16).

We proceed to look for a version of Noether’s theorem in this setting. Based on the
experience we had on the previous section, we will start with the case G = IR:

Theorem 38 (Noether). Let L: TQ®™ — R be a Lagrangian on m parameters, and (@s)ser
a 1-parameter group of diffeomorphisms of Q leaving L invariant. Then the Noether current
F=(F%...,3™): TQ®" — R™ given by

d

jé(x,vl,...,vm) = (IFL)Z(x,vl,...,vm) (£

qu(x)) ,

s=0

has zero divergence along L-critical m-surfaces x: Q) — Q. In other words, the pull-back map
Q>5u— F(x(u), Vx(u)) € R™is a vector field along Q), and div¥ (x(u), Vx(u)) = 0.

Remark. For m = 1, note that the divergence of a vector field f € X(R), which is
nothing else than a smooth map f: R — R, is div(f)(t) = f'(¢).

Proof: The proof is the same as given in the case m = 1, with an extra summation
due to the multivariable version of the Euler-Lagrange equations. Namely, we set
Xs = @s o x, observe that by invariance all of the x; are L-critical if x is, and that

ox ox
o 1) = A9 (5.
Describe everything in coordinates as

(xs(u), Vxs(u)) = (q1 (s,u),...,q"(s,u), v%l) (s,u),..., 0?1) (s,u),..., v%m) (s,u),..., v?m) (s,u)),

and take the s-derivative on both sides of L(xs(u), Vxs(u)) = L(x(u), Vx(u)) (valid
for all s € R), to get

Set s = (0. We are done. O
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Before proceeding, let’s see some examples:

Example 39.

(1)

(2)

Let (Q, g) be a pseudo-Riemannian manifold. Consider again the fiberwise bilin-
ear Lagrangian associated to the metric g itself, that is, Ly: TQ®? — R given by

Lo(x,v1,v2) = gx(v1,02).

If { € X(Q) is Killing, then the L, is invariant under the flow of . The associated
Noether current §: TQ®? — R? is given by

5(9(/ 01, 7}2) = (8x(€x1 02)’ gx(vll gx))

If x: O — Q satisfies V;, /5,1(0x/0u®) = 0, we have that the divergence of the
vector field along () given by

- (gx(u> (§x<u>, %(u)) /8 <%(“)r§x<u>))

is zero. That gives

ox 0x
8x(u) (Vax/aulgf W(u)) +gx(u) (ﬁ(u)/vaxﬁhﬂg) =0.

The upshot here is that Noether’s theorem gives us a (horrible and exceedingly
complicated) proof of Killing’s equation (Vx¢,Y) + (X, Vy&) = 0. The reason is
that such equation is tensorial in X and Y, and given any xo € Q and vy, v, € TxQ,
there is a Lg-critical 2-surface x: Q — Q with x(up) = x and (9x/0u)(ug) = v,
(for £ = 1,2), where ug € Q) is fixed before defining x.

Noether’s theorem gives an alternative proof of the fact that functions ¢: (3 — R
which are critical points of the Dirichlet energy are harmonic functions, with-
out needing to compute the Euler-Lagrange equations explicitly. The Lagrangian
L: TR®™ — R was given by

1
L(x,v1,...,0m) = E(U%+...+U%1),

and we have that for all s € R, the translations 7;: R — R given by 75(x) = x +s
leave L invariant (since 7{(x) = 1). It is easy to see that the associated Noether
current is given by

F(x,01,..,0m) = (V1,...,0m),

and we have that #(¢(u), V(u)) = Vi(u). So Noether’s theorem gives us again
that Ay = div(Vy) = 0. As a similar case, we could consider a Lorentzian version
of the above Lagrangian, say, with —v%n instead of -|—v%1, and conclude that func-
tions ¢ which are critical points of the associated action functional are solutions of
the wave equation: Uy = 0, where
02 02 02
0= ——— + ... _
(aul)Z + + (aum—l)Z (aum)2

is the d’Alembertian operator.
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We have seen previously that the single-variable version of Noether’s theorem for
R-actions was in fact equivalent to a version with general G-actions, where G is any
Lie group. There is no reason why this should be different here. Indeed, if G is a Lie
group acting on Q, then we have a diagonal derivative action G © TQ®™, and so it
makes sense to say when a Lagrangian on m parameters L: TQ%®" — R is G-invariant.
The following theorem requires no proof:

Theorem 40 (Noether). Let L: TQ®™ — R be a G-invariant Lagrangian. Then, for every
element X € g, the Noether current X = ((%)1,..., (F%)™): TQP" — R™ defined by

(jx)é(x,vl,...,vm) = (IFL)Z(x,vl,...,vm)Xﬁ,

has zero divergence along L-critical m-surfaces x: Q) — Q. In other words, the pull-back map
Q3 uw— FX(x(u), Vx(u)) € R™ is a vector field along O, and divF*X (x(u), Vx(u)) = 0.
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