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If M is a smooth manifold, then the space Conn(TM) of affine connections on the
tangent bundle of M is an affine space, whose associated translation space is the space
of type (1,2)-tensor fields on M, i.e., sections of the vector bundle [T*M]®? @ TM over
M. For any V € Conn(TM), we have 1V, RV, and RicV. Let’s see how each of them
behaves when we add a tensor field A to V. Write:

A for (twice) the skew-symmetrization of A, i.e., AxY = AxY — AyX.
Ay for the type (1,3)-tensor field given by (X,Y, Z) — A v (x y)Z.

tri (A) for the 1-form defined by tr{(A)(Y) = tr(AY), as well as tr} (A,v) for the
type (0,2)-tensor field given by tr{(A.v)(Y,Z) = tr(X = Arv(x ) Z).

[A, A] for the commutator given by [A, A](X,Y) = 2[Ax, Ay].

dV A for the exterior derivative (computed with the aid of V) of the tensor A
regarded a End(TM)-valued 1-form.

divY for the V-divergence of A, i.e., the (0,2)-tensor field defined by the trace
divV (A)(X,Y) = tr(Z — (VzA)(X,Y)).

tr(Ao A) for the map (Y, Z) — tr(AZ o Ay).

Vw is given by (X,Y) — [Vxw]Y (in this order of arguments), for each 1-form
w on M.

Theorem

Q) tVtA =1tV 4+ A,
(ii) RV*4 =RY +dVA + [A, A]/2.

(iti) RicV ™4 = RicV +divV A — Virl(A) + trl(A) 0 A — tr(A o A) + trl (Av).

Proof:

(i) This is the easiest one to establish, as expected:

VX, Y) = (V4 A)xY — (V+A)yX — [X,Y]
— VXY + Axy — VYX — AyX — [X, Y]
= TV(X, Y) + ng
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(ii)

(iii)

This is a slightly longer brute-force computation. First we compute

(V+A)x(V+AWZ =VxVyZ+VxAyZ+ AxVyZ + AxAyZ

as well as
(V+A)xvZ=VxyZ+AxyZ
so that
RV*A(X,Y)Z = RY(X,Y)Z + [Ax, AY]Z + (%),
where

(*) = VXAYZ + AxVyZ — VyAxZ — AyVxZ — Aix v Z.
It remains to see that the above expression indeed equals (dVA)(X,Y)Z. But
(dVA)(X,Y)Z = (Vx(Ay) — Vy(Ax) — A y))Z
= VxAyZ — AyVxZ —VyAxZ + AxVyZ — Ax y|Z,
as required, by definition of exterior derivative.

It suffices to compute traces in the first variable of dV A and [A, A]/2. Let's do a
coordinate computationl. Fix Y = 0, and Z = 0;. First, we have that

[As,, Ap,]0s = A Aj, 05 — Aj Ay 0s
= Ay (A}9k) — Ao, (A%
= (AR Al — ALAL);,
so that contracting j = i yields
tr(X = [Ax, A5,)95) = AfAl — ARA = (1] (A) hAY, — ALAL
Hence tr(X — [Ax, Ay]Z) = tr] (A)AyZ — tr(AZ o Ay) for general Y and Z, by

tensoriality. Lastly, we focus on the exterior derivative of A. Namely, recall that

V H . . k .
(d A)]'rsl = Ai’s;]’ - A;'s;r + TjrAics/

where T]kr are the coordinate components of TV. Now, contract j = i to obtain

(dVA)s = (divY A)ys — trj(A)gy + Ty Ak,

irs
as required.

]

Remark. The torsion 7: Conn(TM) — T'([T*M]"? ® TM) is an affine map, whose
associated linear part is (twice) skew-symmetrization. The Riemann map V — RV
and the Ricci map V +— RicY, in turn, are not affine (as we have obtained terms
which are manifestly quadratic in the variable A, in the expressions for the differences
RV+4 — RV and RicV*+4 —RicY).

!1f you see a quick(er) way to do this without coordinates, let me know.
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