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Ivo Terek Couto®

In this text we will briefly discuss Cartan’s formalism of differential forms in the
setting of vector bundles. We will:

* recall some definitions along the way;

* see how to apply this machinery for the tangent bundle of a pseudo-Riemannian
manifold;

* explicitly carry out the computations for several examples;

* see one of the most general setting on which the notion of second fundamental form
makes sense, deduce general versions of the Gauss and Codazzi equations, and;

* set up the Cartan formalism for the study of non-degenerate submanifolds of a
pseudo-Riemannian manifold.

This is by no means is self-contained, as I have written it mainly to try and or-
ganize some of this material for myself (so don’t expect these notes to be that great
— I haven’t organized everything neatly in definitions, lemmas, etc.). We will adopt
Einstein’s summation convention in full force. And even though this text has “Cartan
Formalism” in its title, I will try to achieve a healthy balance between forms and non-
forms computations — the goal is just to flesh out some basic Riemannian geometry
examples. The conclusion I have reached writing this is that Cartan computations are
efficient for studying the geometry of a manifold “on its own”, but as far the extrinsic
geometry goes, the fundamental equations are a more powerful tool, as that the most
standard examples of submanifolds for which we can actually do calculations are usu-
ally found “friendlier” ambients, such as flat vector spaces, or space forms. I have also
added some references in the end, from which I studied bits and pieces.

*terekcouto.1@osu.edu
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1 General definitions

Let M" be a differentiable manifold 7t: E — M be a rank k real vector bundle over
M. A Koszul connection in E is amap V: X(M) x I'(E) — T'(E) such that

@) VX1+fX2¢ = lelp +va2¢;

(i) Vx(f9) = fVxy+X(f)p.
These conditions say that the value of Vxy at a point p € M depends on the

value X, and on the values of ¢ in a neighborhood of p. So we may naturally restrict

V to open subsets of M. Usually, if (x/) is a coordinate system for M and (e,) are
local trivializing sections for E, one may write Vaje,Z = F?aeh (Einstein’s convention in

force), where the functions F]ba are called the connection coefficients of V relative to (x/)
and (e;). Moreover, the curvature of V is RV : X(M) x X(M) x T'(E) — T(E) defined
by

RY(X,Y)p = VxVyp — VyVxip — Vix ¥,
where [X,Y] denotes the Lie bracket of X and Y. It turns out that RV is a tensor
(precisely because of the perhaps artificial term —V/x y|¥), which measures the non-

integrability of the horizontal distribution in TE associated to V. With respect to (x/)
and (e,), we may write RV (9j,9¢)es = R].kabeb, where

b b b b b

a

We will not follow this approach, but instead will try to understand Cartan’s formal-
ism with differential forms. Fixed X € X(M), we write

Vxes = w%(X)e, and RY(X,Y)e, = Q% (X,Y)e,,
where w? and Y, are called the connection 1-forms and curvature 2-forms of V relative
to (e,). Observe that w’(9;) = I"?a and QY (9;,9x) = R].kab. The 6*°(M)-linearity of

V in the vector argument and the tensoriality and skew-(12) symmetry of RV ensure
that these objects are indeed differential forms. In the same way that one may express
R ik ab in terms of l";’a’s, there is an analogous relation between the connection 1-forms

and curvature 2-forms. The derivatives taken with respect to the coordinate vector
fields of (x/) are then replaced by the single exterior derivative operation. Here’s how:

Proposition (Second structure equations). () = dw’ + W A w9,
Remark. One may write this simply as () = dw + w A w, thinking of matrices.
Proof: Compute
RY(X,Y)ey = VxVye, — VyVxe, — Vixyep
= Vx (w5(Y)ee) = Vy (wf(X)ec) — (X, Y])ea
= X(w(Y))ea + wf(Y)we(X)ea — Y(wh(X))ea — @ (X)w'e(Y)ea — wf([X, Y])ea
= (dw'y(X,Y) + @ (X)w(Y) — wH (X)W (Y)) e

c
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As a consequence, keeping the same notation, we have the:
Proposition (Bianchi identity). dQ)% = Qf A w9 — W% A Q).
Remark. OrdQ) = QAw —w A Q.
Proof: Compute:
dQ, = d (dw’, + W% A W)
=0+ duw, A W — W A dw$,
= (% — W A wb) AwS, — W A (QF, — W A w)
= 0% — W0 AW A0S — 0 AQYG + W AW A WY
= O NwG — W ANQY,
by using that c and d are dummy indices in the triple wedge products. O

Now, assume further that our vector bundle has been equipped with a pseudo-
Euclidean fiber metric ¢ € T'(E* ® E*), that is, a smooth assignment to each fiber E,,
of a non-degenerate symmetric R-bilinear form g,: E, x E, — IR. We will also write
g = (-,-) for this fiber metric. With respect to local trivializing sections (e,) of E, we
set gp = g(ea, €p) = (ea, €p), and the non-degeneracy of g ensures the existance of
the inverse matrix to (g,p), to be denoted (g?). This means that g%°g., = 67 holds.
With those, we obtain natural identifications between the fibers of E and the fibers of
the dual bundle E*, which rise to the level of sections: given ¢ € T'(E), we define
Y, € T(E*) by ¢, = g(¢,-). The inverse assigns to { € T'(E*) the unique section
& € T(E) with & = g(&*,-). If (¢*) are the local trivializing sections for E* dual to (e,)
(characterized by e®(e;) = 7)), these so-called musical isomorphisms read

P =le; > Py = gablpbea and & = (e — c:,‘ﬁ = g”bébe,l.

One usually drops the symbols b and # from the notation, writing simply ¢, = ga4”
and & = ¢°&,. The similar relations (¢%)f = g™}, and (e,), = gupe” also hold.

This process of raising and lowering indices using ¢ (which is also done for sections
of the tensor bundles associated to E) can be also done for the connection and curva-
ture forms. For the record, we set w,, = gacw9, and QO = Q). Intrinsically, we
have that w,;(X) = g(es, Vxep) (proof: lower the index a in v’ (X) = ¢g"g(ec, Vxey)).
Similarly, Q(X,Y) = g(RV(X, Y)ey, e.) = RV (X, Y, ey, e;), where the latter RV is ob-
tained from the first one with the aid of g. In other words, if one chooses a coordinate
system (xf) for M, then Qab (8], ak) = Rjkba-

At this point, it is natural to ask if V plays along well with the musical isomor-
phisms. Namely, if X € X(M), ¢ € T(E) and ¢ € T'(E*) are given, one may form four
objects:

Vx($,), (Vxy), Vx(&) and (VxO)F,
where the connection induced by V in E*, also denoted by V, is characterized by
the Leibniz rule (Vx¢)(¢) = X(¢(¢)) — ¢(Vxy). One may also form the covariant
derivatives of the metric g itself, again by emulating a Leibniz rule:
(Vx&) (W1, ¥2) = X(8(¥1,¥2)) — g(Vx1, ¥2) — (1, Vxha),
Then:
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Proposition. (Vx), = Vx(¢,) and (Vx&)* = Vx(&*) forall X € X(M), ¢ € T(E)
and § € T(E*) if and only if Vg = 0. In this case, V is called a metric connection.

Remark. V¢ = Oreads as a simple product rule: X (i1, o) = (Vx1, o) + (1, Vxipo).

Proof: Assume Vg = 0. Let’s check, for example, the first identity (Vx), = Vx(¢,)
(the other one being treated analogously). Let ¢ € I'(E) be any test section. We have:

(Vx)y (@) = (Vxp, ¢) = X{¢,¢) = (¥, Vx¢) = X(,(9)) = $,(Vxp) = (Vx (1)) (9)-

For the converse, assume that V is compatible with the musical isomorphisms. We
compute

(Vxg) (Y1, ¢2) = X(¢1, ¥2) — (Vxp1,¥2) — (1, Vxip2)
= X((¢1),(¢2)) — (Vxp1, 2) — (¢1),(Vx1p2)
= Vx (1)) (¥2) — (Vx¥1, ¢2)

= (Vxt1),(¢2) — (Vxip1, ¥2)
—0,

as wanted. O]

In terms of local trivializing sections and connection 1-forms, metric compatibility
reads as

dgab = gcbwca + gucwcb = Wyp + Wpg-

This can be seen by making 11 = e, and ¢ = ¢} in the expression given in the last
remark, and lowering the upper indices in the connection 1-forms. The middle expres-
sion can be written in matrix form as dg = gw + (gw)". In general, there are plenty
of metric connections in a given vector bundle. To proceed further and obtain any sort
of classification, we need a bit more of structure.
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2  What happens in a tangent bundle

Assume now that E = TM, and that V is any Koszul connection in the tangent
bundle TM. The torsion tensor of V is the map tV: X(M) x X(M) — X(M) defined
by TV(X,Y) = VxY — VyX — [X,Y]. Just like what happened with the curvature
RY, the tensorial character of TV is due to the last term —[X, Y]. Recalling that given
f € 8®°(M), the covariant Hessian of f according to V is the twice covariant tensor
tield defined by

Hess" (f)(X,Y) = Vx(df)(Y) = X(Y(f)) — df(VxY),
a simple interpretation of TV is given in the following:
Proposition. TV = 0 if and only if Hess" (f) is a symmetric tensor for every f € €% (M).
Proof: Hess" (f)(X,Y) —Hess" (f)(Y,X) = -tV (X, Y)(f). O

Now we turn back our attention to the connection 1-forms again. This torsion is
not only an obstacle for the symmetry of Hessian tensors, but also appears as a defect
in another set of Cartan’s structure equations:

Proposition (First structure equatlons) Let (E;) be a local frame for M, and (6") be the
dual coframe. Then d6' = 6 o TV + 0/ A w';

Remark. Or df = 7 — w A 0. Here, we understand T as the column vector formed by
the 2-forms 7' satisfying 7V (X, Y) = 7' (X, Y)E;.

Proof: Write Y = 6%(Y)E;, and apply Vx on both sides to obtain
VxY = Vx(0(Y)Ey) = X(6°(Y))Ex + 6" (Y)w'((X)E;.
Follow through with 9 so that X(Qi(Y)) = Gi(VXY) = Gj(Y)wij(X). Now compute
the exterior derivative:
de'(X,Y) = X(6'(Y)) — Y(9Z(X)) —0'([X,Y])
= 60'(VxY) — 0/(Y)w'(X) — 0'(VyX) + 6/ (X)w';(Y) — 0'([X, Y])
=0 (tV(X,Y)) + (0 A ') (X, Y).
O]

To relate our structure equations and metric compatibility, we assume now that
(M, g) is a pseudo-Riemannian manifold.

Theorem. There is a unique torsion-free metric connection for (M, g). It is called the Levi-
Civita connection of (M, g).

One can give a coordinate-free proof of this theorem by showing that such a con-
nection V must satisty the so-called Koszul formula

2(VxY,Z) = X(Y,Z) + Y(X,Z) — Z(X,Y) + (X, Y], Z) — (|Y,Z], X) — ([X, Z],Y),

which proves uniqueness, and then defining the connection by this formula (possi-
ble due to the non-degeneracy of the metric) and checking that it satisfies everything
needed. But we wish to illustrate how this can also be achieved by using Cartan’s
formalism. So we’ll work with a slightly different statement:
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Theorem. Let (E;) be a local frame for (M, g) and (6") be the dual coframe. The connection
1-forms w' i for the Levi-Civita connection of (M, g) are completely determined by the relations

de' = 0/ A (Ui]- and ng] = wjj + wj;.

Proof: First observe that d9i(Ej, Ey) = —Gi([Ej, E;]). Now use the structure equations
to compute

—6'([Ej, E]) = (6" A ') (Ej, Ex) = 67 (Ej)w', (Ex) — 6" (Ex)w',(Ej) = w';(Ex) — W'y (E;).

Now lower the index i and write —(E;, [Ej, E]) = w;j(Ex) — wix(E;). Consider cyclic
permutations of (ijk):

—(E;, [Ej, Et]) = wjj(Ex) — wir(E;)
—(Ej, [Ex, Ei]) = wjk(E;) — wji(Eg)

—(E, [Ei, Ej]) = wii(Ej) — wyy(E;)
We add the first two equations and subtract the last one. The left side is a combination
with Lie brackets that we’ll address shortly, while the right side becomes just

2w;j(Ey) — dgij(Ex) + dgjx(E;) — dgik(E;).
Solve for 2w;;(Ey) to recover the Koszul formula:

2wji(Ex) = —(E;, [Ej, Ex]) — (Ej, [Ex, Ei]) + (Ey, [Ei, Ej]) + E¢(E;, E;) — Ei(Ej, E) + E;(E;, Ey).
The explicit expression for wi]. may then be obtained by raising i on both sides. We are
done. O

The advantage here is that in some situations one may guess what the connection
1-forms are, and also that we are no longer bound to coordinate frames. In other

words, checking that the wlj satisfy the first structure equation is checking that the

connection defined on the domain of the wi]. is torsion-free. Similarly, checking the
other relation with dg;; is checking that said connection is metric compatible - it fol-
lows that it is the Levi-Civita connection. As for the curvature 2-forms, we may con-
sider the extra symmetries of the curvature tensor of the Levi-Civita connection of a
pseudo-Riemannian manifold (M, g) with a local frame (E;):

e the skew-(34) symmetry R(E; E;, Ex,E;) = —R(E;Ej Ey, Ei) then reads as
Qu(E;, Ej) = —Oy(E;, Ej), and since the indices i and j are arbitrary, we get
an equality between two forms. Renaming back (¢,k) — (i,j) we obtain that

Qjj = —Qj; forall i and j.
e the Bianchi identity' R(E;, E;)Ex + R(Ej, Ex)E; + R(E, E;)Ej = 0 reads as
ka(Ei/ E]) + Qei(E]'/ Ek) + ng(Ekr Ei) =0,

for all choices of indices. In particular, one can lower ¢ everywhere and also
conclude that Qg (E;, E]) + Qgi(E]‘, E.) + Qg]'(Ek, E;)=0.

'We have (dV1)(X,Y,Z) = R(X,Y)Z + R(Y,Z)X + R(Z,X)Y, where dV is the covariant exterior
derivative operator. So not only we see that this identity holds for every torsion-free connection, but it’s
content is trivial: the derivative of zero is zero. The second Bianchi identity, in turn, says that dVRY = 0.
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3 Further notions of curvature and some useful things

Throughout this section, let (M, g) be a pseudo-Riemannian manifold.

3.1 Ricci curvature

The Ricci tensor of (M, g) is the map Ric: X(M) x X(M) — 6%°(M) given by
Ric(X,Y) = tr(V — R(V,X)Y). It can also be defined as trgR(-, X,Y,-), and with
respect to any local frame (E;), can be expressed by

Ri]' = RiC(EZ', E]) = Rki]-k = Qk]'(Ek/ Ei)/

by using the symmetries of R. Considering also the dual coframe (8), we may also
express this quantity in terms of the modified connection 2-forms (or, in other words,
lowering index k above), as

Rij = §"Ryijo = §'Qui(Ex, Ei) = Qui((0)% E;),

where (8°)F is ' turned into a vector field with the aid of g. The Ricci tensor of the
curvature of the Levi-Civita connection of a pseudo-Riemannian manifold is always
symmetric. It is also possible to define the Ricci tensor of any Koszul connection in
TM, but we might lose this symmetry.

3.2 Scalar curvature

The scalar curvature of (M, g) is the smooth map s: M — R defined as the con-
traction of the Ricci tensor: s = try Ric. Again considering a frame (E;) and its dual

coframe (6%), one may write (by employing symmetries of R) that
s = g'R;j = §Q;(E;, (6°)F) = Qu((¢)", (67)") = Quu((6')F, (0))7),

where in the last step we rename ¢ — j after using the dummy index in the summation
forming (6%)%. Using the curvature 2-forms, we see this funny thing: it is easier to
compute s directly, completely bypassing the computation of Ric.

We'll say that (M, g) is an Einstein manifold if there is A € R such that Ric = Ag
If (M, g) is Einstein, we know exactly what A should be: apply tr, on both sides and
solve for A = s/n. On the other hand, we see that s is necessarily constant. But what
if A was not a constant? If dim M > 3, it does not matter.

Theorem (Schur). Let (M", g) be a connected pseudo-Riemannian manifold with n > 3, and
f € 6% (M) be such that Ric = fg. Then f is constant and (M, g) is Einstein (hence with
constant scalar curvature).

Proof: Start with the second Bianchi identity, expressed in coordinates as

Rjkem;i + Riiem;j + Rijomx = 0.
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Raise the index m to get R].kgm;i + Rkwm;]- + Ry " = 0. Make m = k to obtain

—Rjyi + Rigj + Rz’jzm,-m =0.

Note here that since the Ricci tensor is symmetric, we may indeed write R;: instead of

R! jor R ].i, as they’re all equal. Now, attack that expression with g’[ and use that metric
contractions commute with covariant derivatives (as Vg = 0) to obtain

i il m
—Rjit+sj+8 Ry, =0
Now, using the first Bianchi identity for that last term, we get

m pE—
ijl ;m

m
lij ;m

gMR _gieRjiEm;m - gMR = _Rzlm -0= _R;??ml

by using symmetries of R. So s;; = 2R”! , which is to say, ds = 2divRic. With that

jim’
expression in place, let's compute div(fg), as follows’:

(£){" s = 8" (f)jim = 8" (fngji + f&jim) = 6" fom +0 = f = 9jf.
So div(fg) = df. With this, we have
ds = 2divRic = 2div(fg) = 2df,
ds = d(trg Ric) = d (trg(fg)) = d(nf) = ndf.
Asn > 2, it follows that df = 0. O

3.3 Sectional curvature

If x € Mand v,w € TyM span a non-degenerate plane II C T, M, the sectional
curvature of Il as
Ry(v, w, w,v)

KD = o), w)s — (o, w2

This definition indeed does not depend on the choice of basis for I1, as replacing
v — av +cw and w — bv + dw produces the non-zero determinant ad — bc both
in numerator and denominator of the above expression. So, if we have linearly inde-
pendent vector fields X and Y, at least on some open subset of M, we may make sense
of K(X,Y) there. So, if (E;) is a local frame for M, we may write
K = K(E, E;) = R(E,,E],E],ZEZ) _ Q,](EZ,EJZ).
&ii&jj — 8ij 8ii&jj — 8ij

2A coordinate-free computation is as follows: note that, by definition, we have

div(fg)(Z) = tr((X,Y) = Vx(fg)(Y,2)).

Now, we have Vx(fg)(Y, ) = (df(X)g+ fVxg)(Y,:) = df(X)g(Y,), since Vg = 0. Tracing gives
that div(fg) = (Vf,:) = df, as wanted.
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Einstein’s convention behaves poorly because K;j; is not a tensor. In particular, if the
chosen frame is orthonormal, then Kj; = eQ,-]'(Ei,E]-), where ¢ is 1 or —1 according
whether the plane spanned by E; and E; is spacelike or timelike, respectively. If
dim M = 2, there is only one plane to be considered in T, M: Ty M itself. The quantity
K(x) is then called the Gaussian curvature of M at x. Two important results to know

about K are:

Proposition. If (M, g) is a pseudo-Riemannian manifold with constant sectional curvature
K, then

forall X,Y,Z € X(M). In particular, we see that R = 0 if and only if K = 0.
Remark.

e The above formula is easy to remember, at least: R(X,Y) evaluated at any Z
should produce a combination of X and Y. As for the coefficients, we didn’t
really have much choice.

* Bearing in mind the Lagrange identity in an arbitrary pseudo-Euclidean vector
space (V",g), g(ug X -+ X Uy_1,01 X -+ X 0,_1) = det(g(u;, vj));’fj_:ll, for any

vectors u;, v; € V, we may identify the bilinear map u; A u; taking (v1,v2) to

g(ul,vl) g(u1,vz)
g(up,v1) guz,v)

with a linear endomorphism u; A up of V acting on vy, by using the non-degene-
racy of g to write (11 A up)(v) = (up, v)uy — (uy,v)uy. With this notation, we can
say that if a pseudo-Riemannian manifold (M, ) has constant sectional curva-
ture K, then R(X,Y) = KX AY, forall X,Y € X(M).

= g(u1,v1)g(u2,v2) — g(ua,v1)g(u1,v2)

Proof: This is a linear algebra fact: let (V, g) be a pseudo-Euclidean vector space and
R, R be two curvaturelike (0,4)-tensors on V determining the same sectional curva-
ture function: K = K. We will prove that R = R. This concludes the proof of the
proposition, since the formula for R given in the statement indeed produces constant
sectional curvature K. To wit,

R(X,Y,Y,X) R(X,Y,Y,X) ~

KXY = SR X5V, Y) — g (X, Y7~ g(X,X)g(¥,Y) —g(X, YR & Y)

readily implies that R(X,Y,Y,X) = ﬁ(X, Y,Y, X) for all pairs (X,Y) of vectors in V
spanning a non-degenerate plane. By a simple continuity argument, we have that

R(X,Y,Y,X) = R(X,Y,Y,X) holds for all X, Y € V. Since the difference of curvature-
like tensors is again curvaturelike, we may assume that R = 0 and show that R = 0.
This is done by polarizing twice. Namely, the first polarization gives

2R(X,Y,Y,Z)=R(X+Z,Y,Y,X+Z)=0 = R(X,Y,Y,Z) =0.
The second one goes in two parts:

0=R(X,Y+W,Y+W,Z)=R(X,Y,W,Z) +R(X,W,Y, Z),
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so that R is skew on the middle pair. Apply symmetries of R to bring X to the last
argument, obtaining
R(W,Z,Y,X)+R(Y,Z,W,X) =0.

Now we apply the Bianchi identity on the first term (cycling through the first three en-
tries), and the middle-pair skew symmetry on the second term to finally get
3R(Y,Z,W,X) = 0. We are done. O

Lemma (Schur). If (M, g) is a connected pseudo-Riemannian manifold with dim M > 3 for
which the sectional curvature is pointwise constant (that is, K(v, w) depends only on the point
x € M but not on the vectors v, w € TyM), then the sectional curvature of (M, g) is in fact
constant.

Proof: The previous result applied pointwise says that (say, in (0,4) form) we have
R = KRy, where Ro(X,Y,Z, W) = (Y, Z)(X,W) — (X, Z)(Y,W). Now, since Vg = 0,
it also follows that VRy = 0, and so VyR = V(K)R for all V € X(M). With this, the
differential Bianchi identity

(VxR)(Y,Z,V,W)+ (VyR)(Z,X,V,W)+ (VzR)(X,Y,V,W) =0
becomes
X(K)Ro(Y,Z,V,W) + Y(K)Ro(Z,X,V,W) + Z(K)Ro(X,Y,V,W) =0,

for any fields X,Y,Z,V and W € X(M). The proof is concluded once we verify that
X (K) = 0. For this end, we may make suitable choices for the other fields, since this
equality has a tensorial character and dim M > 3. More precisely, fix x € M, assume
that X, # 0 and Yy # O are linearly independent, that X,, Y, and Z, are pairwise
orthogonal, Z, is a unit vector (hence with constant causal type in a neighborhood of
x,say ¢ = £1,and W, = Z,. Evaluating the Bianchi identity with these choices yields

— Xy (K)(Yx, Vi) + Yy (K) (X, Vi) +0 =0,

and since V was still arbitrary, it follows that —X,(K)Yy + Y, (K)X, = 0. By linear
independence, X, (K) = 0. Since X, € TyM and x € M were arbitrary, dK = 0 and by
connected of M we get that K is constant, as wanted. O

Corollary. Let (M",g) be a pseudo-Riemannian manifold with constant sectional curvature
K. Then Ric = (n — 1)Kg and s = n(n — 1)K. In particular, (M, g) is Einstein.

Proof: Trace R(X,Y,Z,W) = K((Y,Z)(X,W) — (X, Z)(Y,W)) twice. O

With those results set in place, we may also explore the direct relation between K
and s for surfaces:

Proposition. Let (M2, g) be a pseudo-Riemannian surface. Then:
(i) s =2K.

(ii) If (E1, Ep) is an orthonormal frame with Ey spacelike and ¢(Ep, Ep) = ¢ € {—1,1},
then we have dw®, = eKO' A 62,
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(iii) If (Ey, Ep) is a Penrose frame, i.e., both E1 and E, are lightlike with g(Eq, E) = 1, then
we have dw? = —K 6! A 62,

(iv) Ric « g (i.e., Ric is a function multiple of g).
Proof:

(i) Raising and lowering the index 1 does not change any expression, while raising
and lowering 2 amounts to multiplying by e. We may write the Gaussian curva-
ture as K = eRp11p = €Rqpp1 = £R1221, and then

s = Ry1 +€Roy = Ryy1® + €Rppyt = eRpypp + K = K4 K = 2K,

(ii) We have that dw!, = dwl,(Ey, E2) 6! A 6%, where (61,6) is the dual coframe to
Eq,E). But the metric compatibility w;; + w;; = 0 implies (by raising i) that

p y Wij j p y &
wl = w% = 0. Then O}, = dw?,, by the second structure equation. It follows

that QL (Eq, Ez) = Qq2(Ey, Ez) = €K, as wanted.

(iii) Let (91,92) again denote the dual coframe to (Ej,E;). For a Penrose frame,
lowering or raising an index amounts to replacing it by the other one. Write
dw?, = dw? (Ey, E2)0! A 62. By definition of Gaussian curvature and noting that
911822 — §3, = —1, we have that —K = Qyp(E;, Ez) = Q3 (Ey, E2). Now, the met-
ric compatibility w;; + wj; = 0 allows us to write QZZ = dwz2 (since wlz =wy =0
and w? = wyy, etc.).

(iv) The full force of Schur’s lemma won’t apply as dimM = 2 < 3, but we still
have the formula R(X,Y,Z, W) = K((Y,Z)(X,W) — (X, Z)(Y,W)), where the
Gaussian curvature K may be nonconstant. Then Ric = Kg by tracing.

]

Remark. The above result means that for surfaces, the only quantity we really care
about is the Gaussian curvature K, which can be computed through the connection
forms only.
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4 Cartan Computations

4,1 Constant coefficients metric in R”

Fix a nonsingular symmetric matrix (a;;)" i1, and take in R" the pseudo-Riemannian
metric (-,-) = ajj dx’dx/. Consider the natural coordinate frame (1, ...,d,) and the
dual coframe (dx!,...,dx"). The (global) connection forms wi]- are characterized by

0 =wjj+wjjand 0 = dx/ A cui].. Since cui]. = 0 for all choices of i and j fits the bill, this

must be the case (by the uniqueness previously proven). It also follows that Qij =0

and hence the Levi-Civita connection of this metric is flat. Hence Ric = 0, s = 0, the
metric is Einstein, etc..

4.2 Schwarzschild half-plane with mass M > 0
In P; = {(t,r) € R? | r > 2M}, take the Lorentzian metric

()= —h(r)dt@dt+h(r)" ' drodr,

where #(r) = 1 — 2M/r is the Schwarzschild horizon function. Consider the natural
coordinate frame (9¢,0,) and the dual coframe (dt,dr). We can already observe from
the metric expression that lowering and raising indices amounts to multiplying or
dividing by £#%.(r). Also, we have that

(dt)f = ———9; and (dr)* =% (r)o,.

1
A(r)

Connection 1-forms: We have four connection 1-forms here, wtt, w', w!, and W', (we're
dropping Einstein’s convention). It is easier to find first the versions with both lower
indices. We immediately have

/
and similarly
ﬁ// r fbl r
2wy = Wrr + Wy = dgyr = _ﬁ/(i))Z dr = wrr = _Zfb((r))Z dr.

Raising the indices, we get

-1 r' R’
w'y = g'wn + g wn = (— 2(7’) dr) = (r) dr

h(r) 2h.(r)
and also () ()
wrr _ grtwtr _{_g”’ww - fb(?’) (_27"’1,(}’)2 dr) = _Zfb(i’) dr
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Since wyt + wyr = 0, to find the remaining 1-form we use the structure equations.
Lowering t and r on the following first and second equations, respectively, gives

0 =d(dt) = dt Al +dr AW, dt Awy +dr Awy =0
0=d(dr) =dt A, +drAw', dt Awy +dr Awy =0,

which simplifies to dt A wyy = 0 and dr A wyy = dt Awy = —(R/(r)/2)dt A dr. This
means that writing w;; = w; dt + wy dr, we have

/
0=dfAwy = wnydtAdr and  — ﬂz(r) dt Adr = dr A wy = —wmdt Adr,
and so wy+ = (#/(r)/2) dt. Raising the index r, we obtain that
h(r)h'
W'y = "oy + ¢ wy = M dt.
Similarly
1 A/(r) R (r)
to_  tt tr ot _
w, =9 wy+ 8§ Wy =—g" Wy —ﬁ(r) > dt Zﬁ(r)dt'
Let’s organize our results in tables:
7' (r) ' (r) 7' (r) ' (r)
t = t = = — = — t
w' 2ﬁ(r)dr w', Zﬁ(r)dt Wit > dr | wy > d
R (r)h/(r) ' (r) 7' (r) R (r)
ro— r — _ = t = —
w’ > dt | o', 0 dr Wyt > dt | wyy 2 (r)? dr

Curvature 2-forms: For the first one, we have
O =dow, + W AWl F 0l AW, =04+ 040 =0.
Then
Qf, = dw!, + o'y A, + Wl AW

’1’2— » ”1’ /,,2 /1,2
= B e nar — G denar— g dnar

_ —h(r)
2h.(r)

The next one is

dt A dr.

Qrt = dwrt + (,Urt /\ a]tt + (,Ur,, /\ C(th

/ 2 " I 2 ! 2
_ W0 +§(r)ﬁ (") ge par 4 2 Z) dt Adr 4 ) E[) dt Adr
1
M) gy,
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and finally Q', = dw", + W', A W', + W', Aw", =040+ 0 = 0. Let’s summarize it:

7I;L//(r)

t t

O =0 O, = 2ﬁ/(r)dt‘/\dr
"

With this in hand, we can compute further curvature invariants. Lowering all the
indices, we obtain also the following table:

Qi =0 Q= ﬁ”Z(r) dt Adr
Qrt:—@dt/\dr O, =0
Ric and s : First, we have that
R = O (dr):,0) = 220 @t p ar) (12,2 = 220 " (1)‘ - LM
Then we have
Ry = Qpu((dH), ) = —f‘”z(’) (dt A dr) (—%at,at) — 0.

By symmetry it also follows that R;; = 0. Lastly, we obtain that

Ry = Qrt((dt)ﬁrar) = _ﬁﬂz(r) (dt Adr) <_%at1 3’) - m

Putting all of this together, we conclude that
R (r)h"(r)

. ”"(r) _ r(r)
Ric = ———Z——dt@dt + T dredr=—=(,)

Thens = A"(r) = —4M/r®> < 0. We also get K = #”(r)/2. All of those computa-
tions hold for half-planes equipped with more sophisticated horizon functions (e.g.,
Reissner-Nordstrom, Kerr-Newman horizons, etc.).

4.3 Hyperbolic half-space
In H**! = R” x R+, take the Riemannian metric

B |dx|2 + dy2
==

() v
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and consider the natural frame (dy,...,9y,9d,) with dual coframe (dx!,...,dx", dy).
For convenience, we may also set y = x"*! and work with indices

A,B,C,D=1,...,n and i,j,k{=1,...,n+1.

We have g;; = 4;;/ y? and g/ = 6y?, and in particular, we see that raising or lowering
an index amounts to multiplying or dividing by y>. We also have (dx’)f = &7 yza]-.
Connection 1-forms: Metric compatibility then reads

—251']'
wjj + wji = —}/3 dy

for all i and j. The structure equations become 0 = d(dx’) = dx/ A wi]., and we lower
the index i to obtain d/ A wj; = 0. Write w;; = wjj dx¥. Then
wijkdxj ANdxk=0 = wijk = wij, foralli,j, k.
Let’s focus on the different types of connection 1-forms:
* We have 2wy, = (—2/y%)dy, so wy, = —dy/y® and hence w’, = —dy/y.

* By metric compatibility, wapc = —wpac. And by the structure equations, we
also have wspc = wacp. It follows® that wapc = 0 for all A, B and C. So the
coefficient left to be found is w4p,. We have that

0 = dx/ N wyj = dxA Nwya +dy A wyy = —dx4 A W Ay,
from which
0=dx4 A (wayB dx® + WAy dy) = wayB dx? Adx® + W Ayy dx? A dy
implies that w,p = wpya and w4y = 0. Thus

dAB dAB
WABy = WAyB = WByA = WBAy = —27 — WABy = WABy = T

Hence wap = —(5AB/y3) dy and W% = _(5§/y) dy.

* Again, metric compatibility says that wy, + wya = 0. So we'll focus on the first

term. By the above, we have wa,p = =645/ 3, that together with the equality
w ayy = 0yields

)
wWay = —iaB dxB

— w‘; = —1 dx4.
y
Similarly, we get

) 1)
wyp = —Wg = 4B gxt — WY, = 4B g
y UV B

3ABC = ~-BAC = —BCA = CBA = CAB = —ACB = —~ABC = ABC =0.
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Let’s organize our results in tables:

Wl = _ﬁdy why = —1dxA WAB = _O4p dy | way = _2ap dxB
B y y y y3 Yy y3
1 1

W= Baxt| W= —dy | g = At |y =~ dy

Curvature 2-forms: We'll have four types of curvature 2-forms, as follows:
A_ g A AN C AN Y 9BC 1. A, 3.C_ 9BC o A, 1 C
Op =dwptweANwp+wyAwp=0+0——dx" Adx~ = ——=dx” Adx".
Yy Yy
The next one is
A_ g,,A A c A Y
Yy =dw’ + we Awy, +w’y Awy
1 1 1
= ——deA/\dy— —zdxA/\der—zdxA/\dy
Yy Yy Yy
1
= B dx? Ady.
Then
0y = dw'y + W' A WG+ wyy A w'y

oA OBA Ji%e
:—ZdeA/\dy—%dxA/\dy—l-%dxc/\dy

— %€ 42 p dy
y

and also ny = dwyy + wyB A wBy + wyy A wyy = 0+ 040 = 0. Organizing it all, we

have:
A _ (53ch dx€ A _ 1 And
(23———2 x2 A dx Qy___yzdx A dy

J
QY = %dxc/\dy Q' =0
Lower the indexes to get
_ 9BC 4,C —

With this, we can compute R explicitly. Namely, note that {yai};jf is an orthonor-
mal frame for H"*1. Then consider R(yd;, y9j, YOk, Y9y ). It suffices to check three cases:
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e when y = x"*! does not appear:

R(yd4,y98, ¢, ydp) = y*R(d4,05,9c,dp) = y*Qpc(d4,95)
Oprd
= —y4 D§4CF (de AN dxF)(aA, 83)
= —0pedcr (6565 — 556%)

= —(0apdpc — dBDdAC)

e wheny = x"*! appears exactly once: assume that it appears on the last argument

(apply symmetries of R and rename indices if needed) and compute

R(]/aA/ ]/aB/ ]/aC,yay) - y4R(aA/ aB/aCI ay) - y4QyC(aA/ aB)
)
:¢i§mﬁwdw@&%):a

o wheny = x"*1 appears twice, once in the first pair of arguments and once in the
second pair: assume that it appears in the first and last entry. Write

R(ydy, ydg, ydc, ydy) = y*R(dy, dp,9c, dy) = y*Qyc(dy, Ip)
0
= y4—](;4D (de N dy) (ay, E)B)

= dcp(—65)

= —0BC

We conclude that H"*! has constant sectional curvature —1. It follows from this
that Ric = —n(-,-) and s = —n(n +1).

4.4 Surfaces of Revolution in IR3

Consider an open interval I C R, a smooth function f: I — R.o, and the warped
product I X ¢ S! with Riemannian metric given by

(-,-) = ds® + f(s)>d6>.

Do note the abuse of notation: this d9 € Q!(S!) is not an exact form - it is just the
usual angle form, in the same way that dy just denotes the rotation field tangent to
S!. This time we will not work with coordinate frames, and we’ll omit the point of
application s from f(s). Let’s define an orthonormal frame field by setting E; = 0
and Eg = (1/f)dg, so that the dual 1-forms are given by 8° = ds and 6% = fd6, and
() =0 ®06°+0%20% Asa consequence from this last expression, we may freely
raise and lower indexes without effectively changing anything.
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Connection 1-forms: We immediately get wss = wgg = 0, and so w®y = w99 = 0. Since
wsg + wgs = 0, we may focus on the first term. From the structure equations, we see
that )
J— S
dgszgs/\wss+09/\wsg . 0/—9 N Wy
do? = 6° A wh + 69 A W, f%emef’:—emws@.
So, write W%y = w%0° + w%,0°. The first equation gives w?,, = 0, while the second
yields w', = —f'/f. So w® = (—f'/ )0 and w? = (f'/f)6°. Let’s register this in a
table:

/
W =0 |w= —]%69

=§ a)99=0

Even though it is easy to express these forms in terms of ds and d6, one must remem-
ber that the connection forms found are the ones associated to (Es, Ey) instead of the
coordinate frame (ds, dg).

Further curvatures: Let’s explore the fact that we're dealing with a surface, compute
K without computing the curvature 2-forms, and from there obtain Ric and s. We have

that
dwsgzd( j;) - J}/deﬂ

(f/)f U= FF g5 nef — ];(f ds A d6)

(f)fsz 95/\99 (’];2) 95/\99
f,/ s 0
=——0"N0".
f
It follows that K = — "/ f, the Ricci tensor is Ric = —(f"/f)(-,-) and s = —=2f"/ f.

4.5 A thickening of 5

Let I C R be an open interval with natural coordinate r, and let (6, ¢) be spherical
coordinates on $2. Consider in the product I x S? the Riemannian metric

(-,-) = A(r)2 dr? + 12 d6? + r*sin® 6 d(Pz,

where A: I — R+ is smooth. We will work with the orthonormal frame (E,, Egy, Ey)
given by

1
rsinf ¥

1
E, = —9 Eg = —0y, E, =
r 0 1,9 9

Page 19



Cartan Formalism and some computations Ivo Terek Couto

The corresponding dual coframe is then
0" =A(r)dr, 6°=rds, 0% =rsinfde.

We may raise and lower indices at will.

Connection 1-forms: Since w;j + wj; = 0, it immediately follows (by raising i) that

W' = Wby = w(Pq) = 0. We also have skew-symmetry for distinct indices. The first

structure equations are
do" = 0° AW’y 4+ 09 AW,
do’ = 0" A, + 09 N,
do? = 0" A w?, + 0% A w?,
We will solve for w'y, w’, and w? (the remaining ones are determined by symmetries).

Focusing on those forms and rewriting the left side of the above equations in terms of
the dual coframe, we get

(0=0° Ny + 609 N,
Ler/\ee = 0" AW+ 09 A
rA(r) 0 ¢
0" A Q¢ 99 09 — —p" ro_ 99 0
L rA(r) A ane” N N
For i,j,k € {r,0, ¢}, write wi]. = wijkﬂk as usual. We'll solve a system for all these

components. In terms of the components, it becomes

(0= —w'y, 0 NO% — Wy, 0 N9+ (W', — " )00 N6

1 r 0 _ r Qqr 0 r 0 r ) 0 0 @
1 r
) 0 ¢ — R & r 0 _ 7 r ¢ _ .40 6 ()
\rA(r)e N, +rtan99 A6 (“’w ww)e NO” — 'y 0" NO? — w07 N O

Extracting coefficients, we get:

10 00 0 0 0 0 0) [%er 0
00 01 0 0 0 0 0]« 0
00 1 0-10 0 0 0]]%e 0
01 0 00 0 0 0 0]/]|“e AT
00 =10 0 0 -10 0 f|We|[=] 0
00 00 0 0 0 1 0|]|awy, 0
00 00-10 10 0 wg; 0
0.0 00 0 -1 00 0w, AT
00 000 0 0 0 -1/ {0 1

QP rtan 0
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As complicated as this looks, it is just a linear system. From the first row we get
w'p, = 0, and from the fourth that w'y , = —1/ (rA(r)). Combining rows 3,7 and 5 (in

this order) we get that w', o= w’ o0 = w? or = —w'y g7 SO all of those coefficients vanish.
In particular, we know now that
1
=— 6°.
“o rA(r)
We proceed: row 2 gives w'y, = 0. By the above, w’, = 0, and row 8 says that
w'yy = —1/(rA(r)). Thus

r

i 1
'y = ———=0%.
“o rA(r)
Finally, we already had «’ or = 0. Now row 6 gives w? g0 = 0, and row 9 says that
R
W’y = 1/(rtan6). So 1
0
- 0,
“o rtan@
and we may organize our results in a table:
1 1 1
“o rA(r)G “o rA(r)G “o rand’

Curvature 2-forms: Again we may exploit symmetry and compute just the three rele-
vant curvature forms ()',, Qr(p and ng,. First

Oy = dw'y + 'y A

= () + (™) ()

/
= ADTTAW) 4y pgr - g

r2A(r)? rA(r)
/
- A(i)zX[rfs Dornee - % rAl(r) e
_ rljl/((:))?’ 0" A 6P,
then
O, =dw’y, + Wiy A wQ(P
e o) ) k)
- A(:’)ZZ(T;I)LXZ/(T) dr 67 - ﬁ do® + ;fZA(rl) tan@ee Mo
- A(T;)Zz(zj)q;(r) 6707 = rAl(r) (rAl(r) 667+ rtaanQG " 9(/)) * m(;@ N
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and lastly

0 _ q.,0 0 r
Oy, =dw’y +w’, ANy,

=4 (") * () (7w

2 tzm(? drA o7+ rsteaijG don 67 - rt:né) d6? — % 6 16
- rzzwl)taneer”“ rzsinzg"g”"’— rtalng (r;(r)ememrt:ngegm#’) - Ml(r)zef’/\eq’
N (72 siln2 o 12 ’c;n2 0 rZAl(r)2> 0° N6
= rlz (bﬁ) NS
Thus we obtain another table:
0y = O A 0= e e 0t = (1 i ) ot

Ric and s: For the Ricci curvature, we use the formula R;; = ij(Ek, E;) to obtain:

Al(r) N Al(r) _ 2A'(r)
rA(r)d  rA(r)®  rA(r)d

Ry = Qer(E()/ Er) + Qq:*(Eq)r Er) =

Ryp = O (Eg, E;) =0
Rgr =0 (by symmetry)

Al(r 1 1
Rog = OVy(Er, Eg) + Q% 4(Eg, Eg) = 0 +3 <1 - )

Rop = OV, (Er, Eg) =0
Ryr =0 (by symmetry)
Ryg =0 (by symmetry)

Al(r) 1 1
— 0 -
Rpp = Oy (Er, Ep) + QF ,(Eg, Ey) = FAr? T2 (1 B A(r)z) '

As for the scalar curvature, note that since the frame we’re working with is already
orthonormal, we have

4A/(1”) 2 1
S:Rrr+R99+R(pgo: TA(V)3+V_2 (1—W>-

Particular cases (5% and H?):

e Consider the unit sphere $° = {(x,y,z,w) € R* | x* +y? + 22 + w? = 1},
with the Riemannian metric induced from R*. Write x> + y*> + z2 = 1 — w? and

Page 22



Cartan Formalism and some computations Ivo Terek Couto

use spherical coordinates for the slices of radius ¥ = /1 — w?. More precisely,
consider in an adequate domain the relations
x = rsinf cos ¢
y =rsinfsing
z =rcosf
w=+V1-7r%
With this, we compute all the products between the coordinate vector fields
r
V1—172

§ 96 = 7cos 0 cos ¢ dy + rcosfsin@dy —rsinbdd;

(ar=sin@cosq)ax-I—sinOSinqoay—i—cosGaz— dw

| dp = —rsinfsin @ dyx + rsinf cos ¢ 9,

to obtain

1
1—12

ges = *(dx? + dy? + dz* + dw?) = dr? + r* d6? + r* sin® 0 d .

So the above calculations apply for A(r) = (1 — r2)~1/2, We obtain, after simpli-
fications, thats =2 +2+2 = 6.

e Consider the hyperbolic space H> = {(x,y,z,w) € L* | x> + y*> + 2% — w? = —1},
with Riemannian metric induced from Lorentz-Minkowski space I.*. Repeat the
strategy adopted for S> and write x> 4+ y* + z3 = 1 + w?. Take spherical coordi-

nates for the slices of radius 7 = /1 + w?. We obtain coordinates

x = rsinf cos ¢
y =rsinfsin ¢
z =rcost

w=vV1+7r?

for which
r

V1472

dg = rcost cos ¢ dy + rcostlsinpd, — rsinf o,

(ar=sin@cosq)ax-I—sinBSingoay+cosﬂaz+ ow

| dp = —7sinfsin @ dx + rsinf cos ¢ dy,

and the same calculations done for S° show that

g = (dx® + dy? 4 dz? — dw?) = H%—rz dr? + 1> d6* 4 r* sin®  d¢?.

So the general calculations apply with A(r) = (1 + r?)!/2, and in particular we
gets = —2 —2 — 2 = —6, after some simplifications.
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5 Subbundles and submanifolds

5.1 Fundamental equations

Let E — M be a vector bundle equipped with a Koszul connection V, and consider
two subbundles E* of E such that E = E* @ E~. That is to say, every ¢ € I'(E)
decomposes uniquely as ¢ = ¥+ + ¢~, where * € I'(E*). We may use V to define
connections in E* as follows: if ¢ € T'(E¥), then ¢ is also a section of E, and so Vx¢
makes sense, for every vector field X € X(M). To define a connection in E*, we’d
like our end result to be a section of E*, and so we project: V}jgcp = (Vx¢)*, where
(L)*: E — E* are the projections relative to the given decomposition (also in the
section level).

Now, once we have the connections V™ and V™ in ET and E—, we could consider
the van der Waerden-Bortolotti (direct sum) connection V = V+ @ V~ in E. The natural
thing one could wonder at this point is whether V = V. In general, there is no reason
whatsoever for this to happen. So we look at the difference between those connections
(which is then a tensor). Fixed X € X(M), we only need to understand how this acts
on ET and on E~ separately:

Definition. The second fundamental form of the decomposition E = ET @ E~ relative to
the connection V is the €%°(M)-bilinear map a: X(M) x I'(E) — I'(E) satisfying the
relations
Vx¢ = Vx¢ +a(X,9),
forall X € X(M) and ¢ € T(E*).
Note indeed that given ¢ € T(E), we have

Vxp +aX,9) = Vx(@" +97) +a(X 9" +¢7)

= Vx(7) + Vx () +a(X¢7) +a(X,p7)

= Vx(¥")+ Vx(y7)

= Vxi,
so that V = V + . In particular, setting ¢~ = 0 and taking the (_)* projection, we
see that a(X, )" =0, and so a(X, ™) € ['(E™). Similarly, a(X,¢~) € T(E"). This
means that « carries E™ and E~ into each other, and so we may consider the restrictions
a®: X(M) x T(ET) — T'(EF).

The next step would be to relate the curvature tensors of all of those connections.
The first one is clear: RY = R* @ R~, where R¥ is the curvature of V*. Namely, we
have .

RY(X,Y)p = R (X,Y)(p") + R~ (X, Y)(¢"),
forall X,Y € X(M) and ¢ € T(E). To avoid the initial clutter with &’s and a*’s, we
organize ourselves with the general:

Lemma. Let E — M be a vector bundle with a connection V,and F: X(M) x I'(E) — I'(E)
be a tensor. Consider the connection V' = V + F. The relation between R’ and R is given by

RU(X,Y)p = R(X,Y)p + Vx(F(Y, ¢)) — F(Y, Vx¢) — Vy(F(X, ) + F(X, Vyy)
+F(X,F(Y,9)) — F(Y,F(X,y)) — F([X, Y], ).
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If one fixes any connection V™™ in the tangent bundle of M and uses V™™ @ V to form
covariant derivatives of F (which we’ll abuse notation and still denote by V' F, the dependence
on VIM being understood), the above relation can be rewritten as
RI(X,Y)y = R(X,Y)p + (VxF)(Y, ) - (VyF)(X, )
+ FOCF(Y, ) = FOYVF(X, ) + F(T(X,Y),¢),

where T is the torsion of VM. Usually, we take VT to be the Levi-Civita connection of some
pseudo-Riemannian metric in M.

Proof: This is just brute force: compute
VxVyyp = VxVyy + F(X, Vyp)
= VxVyp + Vx(F(Y,9)) + F(X, Vyy) + F(X, F(Y, ¢)),
switch the roles of X and Y, subtract, and subtract V’[X’Y]gb = Vixy¥ + F([X, Y], ).
For the second part, write [X, Y] = VIMY — VIMX — 7(X,Y), and use the definition

(VxF)(Y, ) = Vx(F(Y, ) — F(V"Y, ) — F(X, Vx).
L]
Remark. We might as well register what the relation between R’ and R is, with respect

to a coordinate system (x/) on M and local trivializing sections (e;) of E. Writing
F(0j,e1) = F]Zeb, we have
b

R’

b b b b b b b b
jka Rjka + akaa o aija + Flgarjc o ch Iwkc B Pkcrjc'a + chrlcaz + FlgaFij B ch Pkc'

a a

If one sets ij ab = a]-F,fa — akP]-Z + F,gaF]% — F]?;F]fc, mimicking the explicit expression for
R, the formula writes simply as

r b b b b b b b
R jka T Rjka + ija + Flgarjc - churkc B Iﬂ]C'ach + FIC(ach/
emphasizing that the new curvature is the sum of the curvatures of R and F, with an
interplay between them (perhaps seen as a difference of anticommutators of F and I').

Back to the main discussion on E = ET @ E~, we apply the lemma for the decom-
position V = (V1 & V™) + a, to obtain
RY(X,Y)p = R (X, V)(y") + R™(X,¥) () + (Vxa) (Y, 9) = (Vya) (X, )
+a(X,a(Y, p) —a(Y,a(X, ¢)) +a(t(X,Y), ),
for all ¢ € T'(E), where T is the torsion of a connection in TM, also used to form the
covariant derivatives of w. Using that the above is linear in y = ¢ + ¢~ and that a
“switches” ET and E~, we may set ¢ = ¢, to get
RY(X,Y)(9*) = RE(X, Y) (¢5) + (Vxa®)(Y, 9F) — (Vya®) (X, ph)
+ a5 (X, 2T (Y, %)) — o (Y, a7 (X, 97)) + a7 (2(X, ), ¢),
where we use that Vx(p*) = V)i((gbi) (by definition) to conclude that the restric-
tion commutes with the covariant derivatives: (Vxa)(Y,¢*) = (VxaT)(Y,¢p*). The

fundamental equations of pseudo-Riemannian geometry are obtained by taking the
components of this last expression:
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* The Gauss formula:
RE(X,Y)(pF) = (RV(X, V) (pF)) " — 2t (X,aT (Y, 9F)) +a* (Y, a7 (X, pF)).

Here, we have solved for R¥, thinking that the curvature of the subbundle should
be computed in terms of the curvature of the ambient bundle and the second fun-
damental form

¢ The Codazzi equation:
(RY(X,Y)(¢*)) " = (Vxa ") (¥, 9%) = (Vya®)(X,97) + 2 (1(X, ¥), 7).

A very particular situation is when E is also equipped with a parallel pseudo-
Euclidean fiber metric g € I'(E* ® E*) (thatis, Vg = 0),and E* L E~. In this case, we
have two useful properties:

e V*g¢ = 0, where we again denote by g its restriction to E*: let ¢, 5~ € T(E*).

So we have:
X(e(yr 97)) = s(Vx(¥1), w3) + (91", Vx(97))
= g(Vx (i) +aT (X, 95), 3) + g(i, Vi (¥3) +a¥ (X, 93))
= g(Vx(Wi), ¥3) + (i, V(7))
as wanted.

e ot (X, ) and &~ (X, ) are negative adjoints: let ™ € T(E*) and ¢~ € T(E7), so
that g(¢+, 9~ ) = 0. Apply X to get

0=X(g(y*,¢7))
=g(Vx("), ) +g(¥", Vx(¥p7))
= (V") +a= (X, 97), 7)) + 84", Vx (™) +a" (X, 97))
=g(@™ (X, 9%),¢7) +g(y™, a (X, 97)).

Using the last condition above, we may rewrite the Gauss formula by considering
the fully covariant (0,4)-curvature tensors. Namely, consider also ¢ € I'(E¥) and set
g =(-,-), so that

R¥(X,Y, %, ¢%) =RV (X, Y, 9", ¢F)
+ (2T (Y, 9F), aT (X, ¢T)) — (aF (X, 95),aT (Y, 9F)).

As a concrete example of the above situation, let (M, ¢) be a pseudo-Riemannian
manifold, and M C M be a non-degenerate submanifold. We have the orthogonal
decomposition into non-degenerate subbundles, TM| v = I'M& TM*. Here we'll
slightly change notation: let V be the Levi-Civita connection of (M, g). Then the Levi-
Civita connection V of M with the induced metric is obtained by projecting V to TM,
as it is metric compatible (by the above), while being torsion-free is clear. Let’s trans-
late what we discussed above in this setting. First, we’ll denote by V+ the projection of
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Vin TM™*. GivenY € X(M) and ¢ € X (M) =T (TM™*), we set Az(X) = —a™ (X, ),
so that o o
VxY = VxY+a(X,Y) and Vx&=—Az(X)+ Vx&

In particular, we observe that in contrast to what we see in most Riemannian geometry
books, the second fundamental form actually is a map X(M) x X(M) — X(M) (here
X(M) = I(TM]|,,)) instead of a map X(M) x X(M) — X (M), the latter being just a
convenient restriction. Moreover, the shape operators Ag are part of such object. The fact
that ™ (X,-) and o (X, -) are negative adjoints becomes (x(X,Y),&) = (As(X),Y),
showing us that the negative sign in the definition of A¢ is indeed natural. Next, by
making the correct choices of £, the fundamental equations read:

e The Gauss formulas: given X, Y, Z, W € X(M) and & 5 € X (M), we have

R(X,Y,Z,W) =R(X,Y,Z, W)+ (a(Y, Z),a(X,W)) — (a(X,Z),a(Y, W)),
RY(X,Y,8,n) = R(X,Y, &, n) + (Ag(Y), Ay(X)) — (Ag(X), Ay(Y)).

Since a is symmetric in this case, each shape operator is self-adjoint, and thus we
may rewrite the second formula (also known as the Ricci equation) as

R* (X/ Y, ¢, 77) = K(}(/ Y, ¢, 17) + <[A§/ Aﬂ] (X)/ Y>r
where [+, -] denotes the commutator of endomorphisms in TM.

* The Codazzi equations: here we're considering Levi-Civita connections, so the
torsion term vanishes and we obtain

(R(X,Y)Z)" = (Vxa)(Y,Z) — (Vya)(X, Z)
RX,0)E) " = Ages(¥) = (VxAg)(Y) = Ags(X) + (VyAg) (X).

For the second relation, just recall that (VxAg)(Y) = Vx(Ag(Y)) — Az(VxY),
and use the definition of the covariant derivative of «.

In particular, if X, Y are vector fields tangent to M along some open subset, span-
ning non-degenerate 2-planes, we have
X, X),a(Y,Y)) — (a«(X,Y),a(X,Y))
(X, X)(Y,Y) — (X,Y)?

K(X,Y) = K(X,Y) + &

Another very important object is mean curvature vector of M", defined as

1 1 .
H = o trgn = Eg’]txij,
where a;; = a(E;, Ej) and (E;) is any local tangent frame for M. We'll say that M is

critical if H = 0, and marginally trapped in M if H s lightlike. If (&,) is a local
orthonormal normal frame along M, we may also write

_1
n

where ey = g(&,,¢,) € {—1,1}.

H (ertr(Ag) + - - +extr(Ag,)),
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5.2 In terms of differential forms

Assume again the same setting, the direct sum decomposition of a vector bundle
E = E" ® E~ over M, equipped with a Koszul connection V, and now consider: a
local coordinate system for M, and local trivializing sections (e;, e, ) adapted to the
decomposition, i.e.,, where e/ € I'(E") and e, € T(E™), for all 2 and A. The relation
Vx(yF) = Vx(9F) + (X, p*) gives us the four relations

4o+ b +y T — o _TH - -\ _ b+

Vaje =TI er s w(9,er) = ey Vaje)\ =Tje, and x(9j,ey) =TIy,
where all of those connection components are relative to the original connection V. In
terms of the connection 1-forms of V, we have

Ve, =% (X)ef, a(X,ef)=w(X)ey, Vye,

v = w);l(X)eX, a(X,e,) =

I3

and we see that the second fundamental form essentially carries information about
the “mixed” coefficients. The issue, however, is that the curvature 2-forms of R* are
not the curvature 2-forms of V. To illustrate this, note that if E- = L is a line bundle
and we take a local trivializing section e, for L, then the curvature 2-form of V! is
just dwk , without the extra terms coming from the structure equations. This can be
improved:

Proposition. Let E = E* @ L be a vector bundle over M equipped with a Koszul connection
V and a parallel pseudo-Euclidean fiber metric (-,-) € T'(E* ® E*) such that L is a non-
degenerate subbundle and E* | L. Then the projected connection V' is flat.

Proof: Let ¢; be a unit local tr1v1ahz1ng section for L and write Vie, = wl (X)er (no

summation). We will show that w’, = 0. Since (e, er) is constant, apply any X to
obtain 0 = 2(Vker,e1) = 2wk (X)(er, er). So wl = 0, and the (single) curvature
2-form of V% is dw’ = 0. Thus RF = 0. O

Remark. In the above proof, we are not claiming that VF = 0. If ¢ is any section of L
and ¢ = fer, then Viy = VL(fer) = df(X)er, which has no reason to vanish. We
do again recognize, though, that V* is a flat connection from this formula (by using
the definition of R%, for example). This has a funny consequence: if we have such a
decomposition of E with VI non-flat, then every pseudo-Euclidean fiber metric on E
is either non-parallel, or degenerates L.

Corollary. Every non-degenerate hypersurface in a pseudo-Riemannian manifold has flat nor-
mal bundle.

The relations between the curvature forms of V and its projections on the factors
E* is, not surprinsingly, given by the fundamental equations discussed in the previous
section. Here’s how to translate the Gauss formulas: they are a straight consequence
of the curvature structure equations, again using the fact that the connection 1-forms
of V¥ are a subset of the connection 1-forms of V:

Q) = dw’) + Wb A Wl + Wy Aw’y = (QT)% + 0l AW,
A
Qy:dwy+wc/\wy+wv/\wy:(0 )P,+wc/\wy

As an example of this technique, we have the:
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Theorem (Theorema Egregium). Let (M3, Q) be a pseudo-Riemannian manifold and con-
sider M? C M be a non-degenerate surface. Let N be a (Gauss) unit normal vector field along
M, and write g(N,N) = n € {—1,1}. Then for all p € M we have

K(p) = K(TpM) + n det(AN(p)).

Proof: Consider a local orthonormal frame (E, Ep, E3 = N) to M, with E; spacelike
and g(Ey, Ep;) = ¢ € {—1,1}. We have seen that since N is a unit vector field, then
VxN = 0,and so An(X) = —(VxN)', where V denotes the Levi-Civita connection
of (M ¢) (the tangent projection here bemg superfluous and written for clar1ty) If
(wl )3 'i—1 denotes the matrix of connection 1-forms of V, then the block (w ])l i1 is the

matr1x of connection 1-forms for the Levi-Civita connection V of M.
Note here the raising/lowering the index 2 amounts to multiplying by ¢, and same
for the index 3 with 7. Thus we write

AN(Ei) = —w 3(E )El (Ei)Ez, = 1,2,

and so

det(An) = = (w4 A w%)(Ey, Ey) = e(wiz A w)(Eq, Ey).

With this set in place, we use the structure equation for the curvature 2-form Q% of V:

Q1 = O = dwhy + Wl A why + wh AWk + wh A
= dwlz + (U13 A\ (U32
= dwlz + 11wz A\ wzp

1
=dw; — 1wz A wos.

Here, we use that since (E1, E;) is an orthonormal frame tangent to M, the middle two
terms in the first line of the above calculation vanish. Now evaluate at (Ey, E»), at a
point p € M, to get eK(T,M) = eK(p) — e det(Ay ,)). Cancel ¢ and reorganize to
conclude that K(p) = K(T,M) + 1 det(Ayy,)), as wanted. O

Now, assume again the case that we have a pseudo-Riemannian manifold (M, )
and a non-degenerate submanifold M. Assume that (E;, &) is a local frame for TM|
adapted to M, i.e., all the E; are tangent to M while the ¢, are normal. Let also (Qi, EA)
be the dual coframe. The connection 1-forms carry all the information about the shape
operators: we that

A (Ej) = —at(E, &) = —w') (E)E; = tr(Ag,) = —w') (E;) = —wip((8)").

Also, we have

1 1 4 1 | P 1 NP
H = Etrg“ = 581]“1‘]' = ;gl]w j(Ei)gA =% j((ej)ﬁ)gA = Ewm((el)ﬁ)(n )",
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and putting all of it together with w;, + w,; = 0 gives
H = Str(Ag )(2))"
T SVASS VAN

Usually (¢,) will be an orthonormal normal frame, so that (2*)f = +&,, which will
make the calculations easier. For completeness, another point of view /notation (obvi-
ously equivalent to the previous one) which can be adopted when studying this: write
i = o/‘ijé‘ yand Ag (Ej) =« Ai].Ei. These coefficients are related by the components of
the ¢ and their inverses. So

as wanted again. In particular, if (MnJr ,g) is a given pseudo-Riemannian manifold,

M C M isa non-degenerate hypersurface, and N is a Gauss unit normal vector
field along M with ¢(N,N) = 5 € {—1,1}, we have that the vector equivalent to the
dual one-form to N with respect to any local tangent frame (E;) to M, is just #N. So

H= %tr(AN)N - 7’7win+1(Ei)N.
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6 Computations for submanifolds (Cartan and non-Cartan)

6.1 Pseudo-spheres (de Sitter, anti-de Sitter, hyperbolic spaces, etc.)

Let (V,g) be a pseudo-Euclidean vector space, and £ = {p € V | (p,p) = c},
where ¢ # 0. Then X is a regular hypersurface in V. As a pseudo-Riemannian man-
ifold, the Levi-Civita connection V is the standard flat one, for which all connection
1-forms vanish when taken with respect to any orthonormal basis for V. To wit, if (e;)
is a basis for V, then we have a global coordinate system V > v = vie; s (v') € R"
for which all the coordinate fields (given by 9;|, = ¢; for all p € V) are parallel. Now,

consider the unit normal vector field N: £ — V given by N(p) = p/+/|c|. Let’s show
that £ has constant sectional curvature. Consider the second fundamental form « of
2. Since X has codimension 1, we get

a(X,Y) = (N,N)(«(X,Y),N)N = ﬁ(AN(X),wN

c

c
e

= ——(VxN,Y)N = X,Y)N.
c]

So, if we take an orthogonal basis (X, Y) for any non-degenerate 2-plane tangent to X,
we have a(X,Y) = 0 and so

KXY ="y, NN T T a T

(X, X),a(Y,Y)) 2 le_c_1

In particular, we see that in the concrete case where IR}} is the space R" equipped with
the index v metric tensor

(-, )y = del@dal + - +d" ' @dx" Y —da" VT @ dat v — L — dx @ di”,

the pseudo-spheres S = {p € RI""! | (p, p), = 1} and the pseudo-hyperbolic spaces
H! = {p € IRZE (p, p)v+1 = —1} have constant curvatures equal to 1 and —1. This
conclusion includes the n-dimensional de Sitter (57) and anti-de Sitter (HY') spaces.

6.2 Marginally trapped pseudo-paraboloid

Let (V, g) be a pseudo-Euclidean vector space, and W C V a lightlike subpace for
which WN W+ = Ru, where u € V is a lightlike vector. Choose a subspace X C V
such that W = X @ Ru. Such X must necessarily be non-degenerate, for the following
reason: the g-radical of X is contained in the (g|w)-radical of X, and the latter is trivial,
as (x,w) = 0 for all w € W implies x € WN W+ = Ru, and so x € XN Ru = {0}.

Now, consider f: X — R givenby f(x) = (x —o0,x — 0) +a, where 0 € X is a fixed
“origin” and a > 0. Note that dfy(v) = (v,x —0). Let M = {x+ f(x)u | x € X}.
Let’s show that M is marginally trapped in V. Consider the global parametrization
d: X - Mgivenby ®(x) = x + f(x)u, and note that d®,(v) = v + (v, x — 0)u for all
v € X. From this, we see that

(dDy(v),dPy(w)) = (v+ (v,x —o)u,w + (w,x —o)u) = (v, w),
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so that M is non-degenerate, by using that u is orthogonal to all vectors in W, and
a fortiori to vectors in X. Moreover, if V denotes the (standard flat) Levi-Civita con-
nection of V, V denotes the Levi-Civita connection of M, « is the second fundamental
form of M, and we take coordinates (x') for X, then

— 0*P

and 22 5
b b
(i () 5t () ) = (g 3+ (3 = o) =0,

which says that 3°®/9x'9x/ is always normal to M. Thus Via(e,)d®(9;) = 0 and we
conclude that M is flat. Finally, we get that
9P

Oé(ai,a]‘) = W = &iji — H =

gijgiju 1 (dimM)u = u,

dim M dim M

and M is totally umbilic and marginally trapped, as wanted.

6.3 Graphs of holomorphic functions

Let U C C be open, and f = ¢ +ip: U — C be a holomorphic function. Consider
the graph of f in C? = R* (with coordinates (x,y,z, w)):

gr(f) ={(x v, 9(x,y),p(x,y)) e R*| (x,y) € U}.

Let’s study gr(f), by looking at the global coordinate system given by

U>s (u,0) — (u,0,¢(u,0),P(u,v)) € gr(f).

Since the Cauchy-Riemann equations read ¢, = ¢, and ¢, = —¢,, we may immedi-
ately obtain a tangent frame to gr(f) in terms only of ¢:

au = ax + q)uaz - q)yaw and a'z) = ay + ¢Uaz + q)uaw.
So, by inspection, we see that an orthonormal normal frame to gr(f) is given by

§3 _ _Qouax - govay + aZ and 64 _ qoi)ax — qouay + aw

V1+ 93+ ¢3 VItei+e?

This is perhaps easier to see identifying vectors and points, so thatd, = (1,0, ¢,, —¢y)
and 9, = (1,0, ¢, ¢, ), and moving 1’s and 0’s to the last two components is something
natural to try.

The geometry of gr(f) will be controlled by its second fundamental form a. But
since we already have the frame ({3, {4), let’s compute the corresponding shape oper-
ators. We organize ourselves:
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¢ Computing A§3: first we have

Ags (a”) = _(vaué‘:%)—r
T
(v (l)uax+§0vay —0;
VIt et s
(1) 1 = T
ST AT et e %)
U v

1

- Ay + Puudy)
Virgeg Pt een)

b 1 ( Puu 9, + Puv a>
VIt + @2 \1+¢i+¢3 " 1+¢i+¢3 "
@uuau+§0uvav

(1+ 3+ 93)%>

—~
~—

In (1) we use the product rule for V and that ¢,,0, + @0y — 9 isnormal to gr(f),
while in (}) we use that 9, and 0, are orthogonal, so that the projection in the
tangent planes to gr(f) is the sum of the projections onto 9, and d,. We proceed:

A§3 (av) = _(vavge,)T

T
 (eitem2)

V1t i+ @3
@) ! Vo (0u0x + 0oy — 3.))
— \/m( av(q)u x T Qo y — z))

1

e

£ 1 ( Puv 9, + Poo a)
VItei+ @2 \1+¢i+¢3 " 1+9i+¢3 "
(Puvau‘i‘@vvav

(1+ @i + 93)%>

—
~—
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e Computing Ag,: we'll just repeat the strategy adopted for A . We start with

A§4 (au) = _(Vaug‘l)—r
T
= (ﬁa _(Pvax + (P”ay B aw)

V1+ i+ 93

1 _
®) (Va, (—Pods + 9udy — )

V1+ei+ e
1 T
VT R
( 1 ( —Quv Puu )
&2 QD5
VIF@2 2 \1+¢2+93 " 1+¢i+¢3 "
. _(Puvau+(Puuav

(1+ o5+ 95)°/2

~

and lastly:
A§4 (av) = _(Vav§4)—r

T
_ va —(Pvax“‘q’uay_aw
VIt et es

(1) 1 — T
= (Vav(_(Pvax + Qudy — aw))

V1+ei+ 3
1 T

1+¢%+¢%(_(Pwax+%vay)
1 —QPuo Puv )
&2 ot — TG
V1+ g2+ g3 (1+¢%+¢% R

_ _q’vvau + (Puvav

(1+ ¢ + 93)%2

—~
~

Now, let’s put all of this together and find «. We have

- Gouug;; - §0uv§4
VIRt el
_ (Puvgg + Quuly
_ Qo3 + Puoly

V1+ 9%+ 93

Apf3+0-84
(1+ 3+ 95)%2

w(0y,0y) = <A§3(au)zau>§3 + <A§4(au)rau>§4

(0, 0y) = <Ai§3(au)rav>§3 + <A§4(au)rav>§4

(dy, 0y) = <A§3(av)/av>§3 + <A§4(av)/av>§4

Thus

7

H = tr(Ag)85 + tr(Ag,)8a =

Page 34



Cartan Formalism and some computations Ivo Terek Couto

since f holomorphic implies that ¢ is harmonic. In other words, graphs of holomorphic
functions are minimal surfaces. Recall that in IR?, minimal surfaces always had non-
positive curvature. This phenomenon also happens here, since

(a (9, 9u), a(dv, 9v)) — (@(du, 9p), &(9u, 9v))
(9w, 0u) (90, 90) — (Ou, 90)?

PuuPoo — Py — (@y + Pit))

K(au, av) — K(au, av) +

1

(1+¢2+ 905)3(

_ —IVPell?
(1+(Vel?)3

using one last time that ¢y = —@uu.

6.4 Non-zero curvature planes in >

Let H® = {(x,y,z) € R3 | z > 0} be the hyperbolic half-space, with the usual
Riemannian metric
dx? + dy? + dz?
z2 '
From our previous calculations, we have (identifying (x,y,z) < (1,2,3), as always)
that the connection 1-forms for the Levi-Civita connection of H?> are

ds? =

, 1 —dz 0 —dx
dx dy —dz

and it immediately follows that vaxay =0, Vax d; = —(1/z)dy and vay 0, = (—1/z)9y,
etc..

* Consider the vertical plane Ilyert : x = 0,z > 0. A unit normal field to Ilyert is
given by N(0,y,z) = zdy. Let’s compute the Gaussian curvature of Ilyer. The
computation

AN(0x) = —V,,(20y) =0—2Vy 0, =0—-0=0

says that 9,y € ker Ay, so that det(Ax) = 0 and so the Gaussian curvature of
I1yert is constant K = E(Hvert) = —1. Since rotations about the z axis and hori-
zontal translations (with no vertical component) are isometries of 3, our calcu-
lation actually holds for all vertical planes in H?.

* Consider a horizontal plane Iy, : z = zo > 0. Let’s find the Gaussian curva-
ture of Iy, ,, in terms of the height zy. This time, we see that N(x,y,z) = z00:
is a unit normal field to I}, .. The metric induced in I, -, is a constant mul-
tiple of the standard flat metric, so we already see that the Gaussian curvature
vanishes. But to ilustrate the technique, let’s compute Ay, by using the tangent
frame (dy, 9y) to Iy - We have

= - 1
AN(ax) = —Vax (Z()az) = —ZoVava = —Z (—58x> = ax

Page 35



Cartan Formalism and some computations Ivo Terek Couto

and )
AN(ay) = _vay(zoaz) = —zﬁayaz = —2p <_£ay> = ay

So Ay is the identity endomorphism, and we conclude from the Theorema Egre-
gium that K(ITyy,,) = —1 +1 = 0. Also, we see that in this case

1
H = Etr(AN)N = 2003,

so this plane is not a minimal surface in H?.

* Letm > 0 and consider the slant plane I1,, : z = my > 0. A tangent frame to I1,,
is (dx, 9y + m0a;), and so a normal field to I, at the point (x,y, my) is —ma, + 9.
Normalizing, we obtain the unit normal field

_ my .
N(x,y,my) = —m (—may, + 9)

Let’s compute Ay. First, we have

AN(ax) = —vax (\/% (—ﬂ’lay + az))

= —\/% (—mvaxay +vaxaz)

_omy
- _mo__ax
\/1+m ( my )
1

- = 3.
Vitm?
and then
AN(ay + maz) = —Vay+maz \/ﬁ (—may + az)

2
m my

e () ) ()

( mVa a +Va 0z)

m 1
1
= e o)
So: )
1 1 —m
A= —Idy = = — = .
N V1 + m? 2 K(TTn) 1+1—|—m2 1+ m?2

Note that lim,—, + K(IT;,) = —1 and lim,,_,o+ K(IT,,) = 0, keeping consistency
with the previous two computations for Ilyert and Iy, -
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